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Abstract 

<~i ■ We study the asymptotic behavior of low-lying eigenvalues of spatially cut-off P{(t>)2- 

QhI Hamiltonian under semi-classical limit. The corresponding classical equation of the P{(t>)2- 

(-H ' field is a nonlinear Klein-Gordon equation which is an infinite dimensional Newton's equation. 

We determine the semi-classical limit of the lowest eigenvalue of the spatially cut-off P{cj))2- 
Hamiltonian in terms of the Hessian of the potential function of the Klein-Gordon equation. 
Moreover, we prove that the gap of the lowest two eigenvalues goes to exponentially fast 
under semi-classical limit when the potential function is double well type. In fact, we prove 
! that the exponential decay rate is greater than or equal to the Agmon distance between 

^ ' two zero points of the symmetric double well potential function. The Agmon distance is a 

I Riemannian distance on the Sobolev space _ff^/^(R) defined by a Riemannian metric which 

■ is formally conformal to L^-metric. Also we study basic properties of the Agmon distance 

, and instanton. 

5 ! 1 Introduction 



X 



Spatially cut-off P(0)2-Hamiltonian is used to construct non-trivial quantum scalar fields in 
space time dimension two and studied from various points of view, e.g., [9l [131 EH CZl [13 
[35| [36l [371 [38l I41j . Hamiltonians in quantum systems contain a small physical parameter, 
■ Planck constant h, and it is called semi-classical analysis to study properties of quantum systems 

under ?i — ?• 0. There are many studies on spectral properties of Schrodinger operators under 
semi-classical limit. See, e.g., [151 [13 [13 [13 [33 [10] • Classical mechanics corresponding to 
P((/))2-quantum field is given by a nonlinear Klein-Gordon equation. Therefore it is natural to 
conjecture that the low-lying spectrum of the spatially cut-off P((/))2-Hamiltonian under semi- 
classical limit is related with the potential function U of the classical dynamics given by the 
Klein-Gordon equation. One of the aim of this paper is to study the asymptotic behavior of the 
lowest eigenvalue of spatially cut-off P(i?i>)2-Hamiltonian under semi-classical limit. We already 
studied the same problem for P((/))2-Hamiltonian in the case where the space is a finite interval 
in [1]. In that case, one particle Hamiltonian has compact resolvent and it makes analysis in 
[3] simple. However, in the case of spatially cut-off P((/))2-Hamiltonian, such a property does 
not hold and it cause some difficulties. In addition to the asymptotics of the lowest eigenvalue, 
we study the semi-classical tunneling of the spatially cut-off P((/))2-Hamiltonian with symmetric 
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double well potential function. That is, we show that the gap between lowest two eigenvalues is 
exponentially small under semi-classical limit. It is still an open problem to obtain the precise 
asymptotics of the gap of spectrum. 

The organization of this paper is as follows. In Section 2, we state our main results. Let fi be 
the Gaussian measure on the space of tempered distributions 5'(R) whose covariance operator 
is (m^ — A)"-*^/^ on L^(]R), where m is a positive number and A is the Laplace operator. Let 
A = {vn? — A)^/^ be the self-adjoint operator on H{= i/^/^(R)). One can define a Dirichlet 
form on L^(5'(M),/x) using ^ as a coefficient operator. Let —La be the non-negative generator 
of the Dirichlet form. This operator is so-called a free Hamiltonian and naturally unitarily 
equivalent to the second quantization operator dr{{w? — A)^/^), where {w? — A)^/^ is a self- 
adjoint operator on H^^/'^iM). Let ^ = \, that is A is a large positive parameter. We consider 
spatially cut-off P((/))2-Hamiltonian —La + V\, where Vx{w) = \V{w/^/~\) is an interaction 
potential function. The potential function V{w) is defined by V{w) = : P{w{x)) : g{x)dx, 
where P{x) = Ylk^QO-kX^ is a polynomial with a2M > 0. Also : P{w(x)) : stands for the 
Wick polynomial and g is a non- negative smooth function with compact support. The operator 
—La + Va is formally unitarily equivalent to an infinite dimensional Schrodinger operator on 
L^(IR) with the fictitious infinite dimensional Lebesgue measure and its formal potential function 
U is given by U{h) = jWAhWjj + V{h), where V{h) = J^P{h{x))g{x)dx and h G H'^{R). This 
potential function U is the potential function for the classical dynamics which is defined by 
the corresponding nonlinear Klein-Gordon equation. In the first main theorem (Theorem 12. 3p . 
we determine the semi-classical limit of the lowest eigenvalue Ei{X) of —La + Vx under the 
assumptions that U is non-negative, has a finitely many zero points and the Hessians of U at 
zero points are nondegenerate. When [/ is a symmetric double well potential function, one may 
expect that the gap between second lowest eigenvalue -£2 (A) and the lowest eigenvalue ^^i(A) of 
—La+V\ is exponentially small under the limit A — >■ 00. In the case of Schrodinger operators, the 
exponential decay rate is equal to the Agmon distance between two zero points of the potential 
function. Second main result (Theorem 1 2. 6 p is concerned with this estimate (tunneling estimate). 
Actually, we prove that the exponential decay rate is greater than or equal to the Agmon distance 
d^^ {ho, -ho) between zero points ho,—hQ of the symmetric double well potential function U. 
What is the infinite dimensional analogue of the Agmon distance in this case ? Formally, it 
is the Riemannian distance on iJ^/^(R) determined by a Riemannian metric U{w)ds^ which is 
"conformal" to the L^-metric ds^. In this section, we define the Agmon distance on i?^(R). 
We prove that the distance can be extended to a continuous distance function on iJ^/^(R) in 
Section 7. Also, the Agmon distance is related with an instanton which is a minimizing path 
of the Euclidean (imaginary time) action integral. We summarize basic properties of Agmon 
distance and instanton in our model in Section 7. For instance, we prove existence of a minimal 
geodesic between zero points of U and an instanton solution. In this paper, we do not use any 
properties of instanton. However, we think the subjects are interesting by themselves. 

In Section 3, first, we recall the definition of the spatially cut-off P(0)2-Hamiltonian based 
on Dirichlet forms on L^(5'(M), /i). Next, we prepare necessary tools for the proof of main 
theorems. Actually we need a stronger theorem (Theorem I3.12p than Theorem 12.31 to prove 
tunneling estimate. In the proof of the lower bound of the limit of £'i(A), we use large deviation 
results of Wiener chaos and a lower bound estimate of the generator of hyperbounded semi- 
groups. To apply these results, we need to approximate the operator A by operators of the form 
^/mI + T, where I is the identity operator and T is a trace class operator on H. Comparing the 
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case where the space is a finite interval in [3], this step is not so simple, since the operator A has 
a continuous spectrum. These approximations are constructed by using the Fourier transform. 
After these preliminaries, we prove Theorem l3. 1'il in Section 4. We give the proofs of some lemmas 
in Section 7. In Section 5, we introduce an approximate Agmon distance {ho, —ho) between 
ho and —ho and prove that the exponential decay rate of the gap of the spectrum is greater than 
or equal to d^{ho, —ho)- This kind of decay estimate follows from the estimate for the ground 
state function (ground state measure). It is important that the Agmon distance function belongs 
to an //^-Sobolev space in the classical proof. However, the Agmon distance is a distance 
function on //^/^(M) and it seems that the distance function cannot be extended to a function 
on W on which ff^-Sobolev space is defined. To overcome this difficulty, we introduce a family 
of non-negative bounded Lipschitz continuous functions u onW which approximate U and using 
u we define a distance function p^{0, ■) from an open subset O. This p^{0, ■) does belong to 
i/^-Sobolev space. Using p}^ {O, ■) and Theorem l3.12l we can give an exponential decay estimate 
for the ground state measure in a similar way to finite dimensional cases. By optimizing u and 
so p}^ , we define {ho, —ho). In the last step, we prove that d^^ {ho, —ho) = {ho, —ho) 
which implies the second main theorem. In Section 6, we give an example. 



2 Statement of main results 

Let L^{R) = L^{R R,dx) and L^{R)c be the complexification of L^{R). Let A = ^ be the 
Laplace operator on L^(M)c with the domain D(A). The subspace L^(M) is invariant under the 
operator A and A|^(^)p|^2(ig) is also a self-adjoint operator in L^(M). We denote it also by A. 
Let m > and we set A = {m^ - A)^^. Let H'{R) = H''{R R) {= D{A^'')) {s > 0) be the 
Hilbert space with the norm || Wh" defined by 

Mhs = ||i'VllL2 (2.1) 

where, we identify i^^(R) as a subset of L^(M). We may denote H^{R) by simply. Let 
H^{R)c be the complexification of H^{R). There exists a unique Gaussian measure p on 5'(M) 
such that 

/ exp {V^{ip, w)) dn{w) = exp ( --{if, i~V)L2(R) I , (2.2) 

Js'm V 2 'V 

where {^p,w) is a natural coupling of (p G S{R) and w £ S'{R). The Hilbert space 
is nothing but the Cameron-Martin subspace of p. Below, we write H = H^^'^{R). Let us 
define a self-adjoint operator A on H by setting 0(^4) = and Af = {m? — A)^/^/. Let 
$ = A~^ : ^ H. Then $ is a unitary operator and A and A are unitarily equivalent to 
each other by this unitary map. That is A = ^ o A o holds. Let us consider a second 
quantization operator dT{{m'^ — A)^^"^), where {m? — A)^/^ is a self-adjoint on H^^^'^{R) with 
the domain D((?ti^ — A)^/^) = H^/'^{R). There exists a unitarily equivalent operator —La on 
L'^{S'{R),p) to dr((m2 - A)i/2). These operators are free Hamiltonians and we use the version 
—La in this paper. We give the precise definition of —La based on Dirichlet forms in the 
next section. Spatially cut-off P(i;^))2-Hamiltonian is a perturbation of —La by an interaction 
potential function. Now we define the interaction potential in L'^ {S' {R) , p) . We refer the reader 
for basic results of spatially cut-off P{(j))2- Hamiltonian to |381 141j. 
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Definition 2.1. For w G S'CR), define Wn{x) = {pn{x — ■),'w), where 



n \ 1/2 / nx 



„2 



Let A > 0. 

(1) Let us define 



2 

w/iere Ckj = {-^Y jp^sj)! a'l'^ ^1 = Is'(r) Wn{xfdix{w) = ^ -^J=dt. 

(2) Let P{x) = ^^ffo CLkX^ he a polynomial function with M > 2 and a2M > 0. Let g be a 
non-negative C°° function on M with compact support. Define 

2M 

I I W(Xj \ , 

Ix 



= lim ^a, / : : g{x)dx (2.4) 

as a limit in (5' (M) , d//) . M^e define 



and 



= A : F ( ^ ) : . (2.6) 



(3) Xei S^C^ be the set of all functions of the form 

f{{ipi,w),...,{(pn,w)), 

where f is a smooth bounded function on R" whose all derivatives are also bounded. It is known 
that {—La + V\,5C^) is essentially self-adjoint. We use the same notation —La + Vx for the 
self-adjoint extension which is called a spatially cut-off P{4>)2-Hamiltonian. Also it is known that 
the operator —La + V\ is bounded from below. Let Ei(\) = mi a{—LA + V\) , where a{—LA + V\) 
denotes the spectral set of —La + V\. 

Formally, —La + Vx is unitaxily equivalent to the infinite dimensional Schrodinger operator 
on L2(L2(R),dw;): 

- Ai2(K) + A : U{w/^^\) : -\t^{m^ - A)V2, (2.7) 
where dw is an infinite dimensional Lebesgue measure, 

: U{w) : = \ I w'{xfdx+ [ (^w{xf+ : P{w{x)) : g{x)) dx 
^ Jut 7m \ 4 / 
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and A^2(-]g) denotes the "Laplacian" on L'^(W,dx). That is the P(i;^))2-Hamiltonian is related with 
the quantization of the nonhnear Klein-Gordon equation: 

^(t,x) = -2{VU)iuit,x)), (2.8) 

where V denotes the L^-gradient. Hence, it is natural to put assumptions on U to study 
asymptotic behavior of spectrum of —L^ + V\ under semi-classical limit A — )■ oo. Here let us 
recall standard assumptions on potential function U on in the case of Schrodinger operators 
—H\^u = —A + AC/(x/\/A) in dx). Under the assumptions 

(HI) U is sufficiently smooth, min {7 = and the zero point is a finite set, 

(H2) The Hessians of U at zero points are strictly positive, 

(H3) liminf|^|^oo ^^(a^) > 0. 

It is well-known ([151 123 [2H1 HOI [26]) that limA-s>oo inf (t(— i/A.c/) is determined by the spectral 
bottom of the harmonic oscillators which are obtained by replacing U by quadratic approximate 
functions near zero points of U. By the analogy, we consider the following assumptions on our 
potential functions. 

Assumption 2.2. Let P be the polynomial in Definition Yl.W and U he the function on which 
is given by 

U{h) = - [ h'{xfdx + / f ^/i(x)2 + P{h{x))g{x) \ dx for all h G H^. (2.9) 

(Al) The function U is non-negative and the zero point set 

Z:={heH^ \ U{h) = 0} = {/ii, . . . , hn,} (2.10) 

is a finite set. 

(A2) For all 1 < i < uq, the Hessian V'^U{hi) is non- degenerate. That is, there exists (5j > for 
each i such that 

V^U{hi){h,h) := - [ h'{xfdx+ [ (—h{xf + P"{hi{x))g{x)h{x)Adx 

> ^iMl^R) for allheH\M). (2.11) 

Clearly, the nondegeneracy of the Hessian is equivalent to the strictly positivity of the 
Schrodinger operator m? — A + Avi, where 

v,{x) = ^P"{h,{x))g{x). (2.12) 

Using the Taylor expansion of U at hi, we can obtain the approximate operator —L^ + Q^.. 
Hence it is natural to expect the following theorem which is our first main result. 
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Theorem 2.3. Assume that (Al) and (A2) hold. Let -E'i(A) = ini a{-LA + Vx). Then 



A— >oo l<j<no 



lim Ei{X) = mill Ei 



(2.13) 



where 



Ei = inf a{-LA + QvJ 



(2.14) 



and Qy. is given by 



: w{x)'^ : Vi(x)dx. 



(2.15) 



JR 



In the theorem above, the function Vi is a C°° function but may take negative values. 
However, the Wick polynomial Q^- can be defined in the same way as in Definition 12. li Actually, 
Ei > —oo for all i and we can give the explicit form of the number Ei using the Hilbert-Schmidt 
norm of a certain operator. See Lemma 13.61 By analogy with Schrodinger operators in L^(M'^), 
one may expect that there exist eigenvalues near the values Ei, . . . , En^ for large A. By the 
Simon and Hoegh-Krohn's result, if Ej — miuj Ei < m, then there exist eigenvalues near Ej for 
large A. However, if Ej — miuj Ei > m, then embedded eigenvalues in the essential spectrum 
of —La + V\ may appear. Of course, there are some constraints on the numbers Ei, . . . , E^^ 
because they are related with some variational problems. At the moment, the author has no 
answer to this problem. Simon [37] gave examples of embedded eigenvalues in the essential 
spectrum of spatially cut-off P((/))2-Hamiltonian in a different situation. 

Next we state our second main result. Let E2{X) = inf {cr(— + V\) \ {Ei{X)}} . In the 
second main theorem, we prove that -E'2(A) — -E'i(A) is exponentially small when U is a symmetric 
double well type potential function under semi-classical limit. This kind of estimate is related 
with tunneling in quantum mechanical system. We refer the reader to [15^ [27t [28l BOl [26] for 
tunneling estimates in the case of Schrodinger operators. See [TB] also for large dimension cases. 
To state our estimate, we introduce infinite dimensional analogue of Agmon distance in quantum 
mechanics. 

Definition 2.4. Let < T < oo and h,k G H^{R). Let ACT,h,kiH^O^)) be the all absolutely 
continuous functions c : [0,T] — )• H^{W) satisfying c(0) = h,c{T) = k. We omit the subscript T 
when T = 1 and omit denoting h, k if there are no constraint. Let U be the potential function 
in (j2.9p . Assume U is non-negative. We define the Agmon distance between h,k by 



In this paper, we consider separable Hilbert space valued functions defined on intervals of 
M. In that case, the notion of absolute continuity of the functions is equivalent to that the 
functions are equal to indefinite integrals of Bochner integrable functions and the same property 
(a. e. -differentiability, etc) as finite dimensions hold. See |14) . Note that the definition of Agmon 
distance above does not depend on T. We give another definition of the Agmon distance in 
Section 7 so that the distance function can be extended to a continuous distance function on 
i/^/^(M). Next we introduce symmetric double well type potential functions. 




(2.16) 



where 




(2.17) 
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Assumption 2.5. Let P = P{x) he the polynomial function in the definition ofU. We consider 
the following assumption. 

(A3) For all x, P{x) = P{—x). and Z = {/iq, —h^}, where Hq ^ 0. 

The following is our second main theorem. 
Theorem 2.6. Assume that U satisfies (Al),(A2),(A3). Then it holds that 

limsupi^^i^^i^^^ < -d^\ho,-ho). (2.18) 

In [1], we determine the semi-classical limit of the lowest eigenvalue of P((/))2-Hamiltonian 
in the case where the space is a finite interval. By a similar kind of proof, we can prove that 
a similar estimate to Theorem 12.61 holds true in such a case too. Finally, we make remarks 
on researches on semi-classical limit of —La + Vx. Aral [9] studied a semi-classical limit of 
partition functions for P((/))2-Hamiltonians in the case where the space is a finite interval. The 
semi-classical properties of spectrum of Schrodinger operators in large dimension are studied in 

pa [2511421 Ha [Ml [B]. 



3 Preliminaries 

The probability measure /U whose covariance operator (m^ — A)~^/^ on L^(M) exists on 5'(M). 
However, we can choose a proper subset W of 5'(M) on which /i exists. Let S" be a non-negative 
self-adjoint trace class operator on H such that Sh ^ for any h ^ 0. Let \\h\\s = {Sh,h)H- 
Let Hs be the completion of H with respect to the Hilbert norm || Then n{Hs) = 1- Of 
course, there are no significance in a particular choice of Hs- However, the following choice 
-fT^P is useful in some estimate. See Lemma [3.181 Let —Ah = 1 + — A be the Schrodinger 
operator on L^(M). Clearly — is a Hilbert-Schmidt operator on L^. Let us consider a trace 
class self-adjoint operator on H: 

So = A-^-AHr^. 
Then Hsq can be identified with a subset of 5'(M) and 

\\wfs^= I \{l + x^ - A)-^w{x)\^dx. 
Jr 

Throughout this paper, we set W = Hsq- Now, we recall the definition of the free Hamiltonian. 
Definition 3.1. Let £a be the Dirichlet form defined by 

£A{fJ)= [ \\ADf{w)\\ldf^iw), /GD(f^), (3.1) 

where 

D{£a) = {/ e D{£j) I Df{w) e D(^) - a.s. w and \\ADf{w)\\ldfiiw) < oo } (3.2) 

and D is an H-derivative and £j stands for the Dirichlet form which is obtained by replacing 
ADf{w) by Df{w) in (|3.ip . We denote the non-negative generator of £a by —La and write 
DAfiw) = ADfiw) for f G B{£a). 
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In the above definition, / stands for the identity operator on H and the generator —Lj of the 
Dirichlet form £j is the number operator (Ornstein-Uhlenbeck operator). We refer the reader 
for //-derivative and analysis on (abstract) Wiener spaces to [1U \ I22[ [25] . Here is a remark on 
the derivative D^. 

Remark 3.2. Let f be a smooth function on W in the sense of Frechet. Let {'Vf){w) be the 
unique element in L^(R) such that for any ip G L^(M), 

f{w + £Lp)- f{w) ,.„.w . . „s 
~e = {{^f){w),^)L2. (3.3) 

Then \\DAf{w)\\'\j = ||V/(t(;)||^2 holds. Also by the analogy of finite dimensional cases, the 
Riemannian metric on H corresponding to the Dirichlet form Ea is L'^-Riemannian metric. 

Also we note that the potential function U in Assumption l2.2l can be rewritten in the following 
form: 

U{h) = ^\\AhfH + yih) for all h G D(A), (3.4) 

where 

V{h) = [ P{h{x))g{x)dx. (3.5) 

The function V = V{h) is well-defined on II by the following lemma. We refer the reader for 
basic results of Sobolev spaces to pj . 

Lemma 3.3. Let p > 2 and s > Then there exists a constant Cp^s such that 

\\f\\LP < Cp^sWfWH"- (3.6) 

The constant Cp^s actually depends on m because our Sobolev spaces are defined by — A. 
Concerning the zero point function hi of U, we have the following result. 

Lemma 3.4. The minimizer hi of U belongs to i/^(]R) and satisfies the equation 

(m^ - A)hi{x) + 2P'{hi{x))g{x) = 0. (3.7) 
Let u be a continuous function with compact support. We use the notation 

Qv{w) = / : w{x)'^ : v{x)dx. (3.8) 

On the other hand, for any Hilbert-Schmidt operator K on if, we can define a quadratic Wiener 
functional : {Kw,w) : as the limit 

lim {{PnKPnW, w)h - trPnKPn} , (3.9) 

n— >oo 

where {Pn} is a family of projection operators onto finite dimensional subspaces on H such that 
Im Pn C Im Pn+i for any n and lim„_>.oo Pn = I strongly. When K is a trace class operator, we 
denote the limit lim.n^oo{PnKPnW,w)H by {Kw,w)h- Now we recall another characterization 
of the Wick polynomial Qv{w) = : w{x)'^ : v{x)dx using the corresponding Hilbert-Schmidt 
operator. Recall that ^ = A^^ : L'^ ^ H. 
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Lemma 3.5. Let v be a function with compact support on M. Let My be the multiplication 
operator by v in L^(]R). Let us define a bounded linear operator on H by 



\, = ^o (^A^^MyA-^^ o $-1. (3.10) 

(1) It holds that Kyh = A~'^Myh for all h £ H. The operator A~^MyA~^ belongs to Hilbert- 
Schmidt class. Consequently, AKyA is a bounded linear operator and is a Hilbert- Schmidt 
operator on H . 

(2) It holds that 

: w{x)'^ : v{x)dx =: {KyW,w)H '■ ■ (3-11) 



/ 

Jr 



Since the function v may be negative in the lemma below, we cannot apply the results 
in Definition 12.11 (3) directly to prove the lower boundedness of —La + Qv However, it is 
not difficult to show such a result because the ground state function is explicitly known. We 
summarize the results. 

Lemma 3.6. Let v be a function with compact support. 

(1) It holds that 

{A^ + AAKyA)^ = rr? - I^ + '^v. (3.12) 

In particular, the strict positivity of m? — A + 4f on L^(M) is equivalent to the strict positivity 
of A"^ + AAKyA. 

(2) Assume that m"^ — A + 4v on L^(M) is strictly positive and we define Ay = (m? — A + Av)^^^ . 

(i) A^ — A? is a Hilbert- Schmidt operator on L^(M). 

(ii) Let Ay = {A'^ + AAKyAy/'^ and Ty = A-'^{Al - Then Ty is a Hilbert- Schmidt 
operator on H with inf c7(Tt,) > —1. 

(iii) The densely defined linear operator {—La+Qv,^C^) is bounded from below. We denote by 
the same notation —La+Qv the Friedrichs extension. The spectral bottom inf a{—LA+Qv) 
is a simple eigenvalue of —La + Qv and the eigenvalue and the associated normalized 
positive eigenfunction Qy are given by 

mfa{-LA + Q.) = -h{Al-A^)A-X,,,iH)^ (3-13) 



4 

^v{w) = det (2)(/ + Tt,)"'^/^ exp 



^ : {TyW,w)H 



(3.14) 



where \\ \\l^2){H) denotes the Hilbert- Schmidt norm. 



(iv) The weighted measure Qy{w)'^dn is the Gaussian probability measure whose covariance 
operator is {m? + Av — A)^-*^/^ on L^(R, dx). 



Clearly, || {Al - A^) is equal to || [Al - A^j ^"ii(,)(L2(K))- The following is an 

extension of the above lemma. We need this lemma to study tunneling. 
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Lemma 3.7. Let v he the same function as in Lemma \3.6\ (2). Also we use the same notation as 
in Lemma \3.6[ Let J be a Hilbert- Schmidt operator on H. Assume that AJA is also a Hilbert- 
Schmidt operator. Moreover we assume that A^ + AAK^A + A AJA is strictly positive operator. 
Let A^j = {A-^ + AAKyA + AAJA) . 

(1) A?^ J — A? is a Hilbert- Schmidt operator on H . 

(2) Let Ty^j = A~'^{A^ J — A^)A~'^ . T^^j is a Hilbert- Schmidt operator with inf a{Tvj) > — 1. Let 
Qv,j = Qv+ '■ {Jw,w)h '■■ Then {—La + Qv,j,dC'^) is bounded from below. We use the same 
notation to indicate the Friedrichs extension. E^^j = inf a{—LA + Qv,j) is a simple eigenvalue. 
The lowest eigenvalue and the corresponding normalized positive eigenfunction VL^^j is given by 

Ev,j = -\UaIj - A') A-X,,,iHy (3-15) 



^v,j{w) = det(2)(/ + r^,j)^/'^exp 



: {Ty,jw,w)H : 



(3.16) 



We will give the proof of the above three lemmas in Section 7. The operator J in Lemma [3 .71 
will appear as a second derivative of the squared norm on W. 

Lemma 3.8. Let F{w) = ^\\w\\yy. 

(1) We have DF{w) = A-'^A]fw and D'^F{w) = A-'^Ajj^. That is D'^F{w) is equal to Sq. In 
particular D'^F{w) is a trace class operator on H. Also it holds that 

: {SoW,w) := \\w\\^, - ti Sq. (3.17) 

(2) It holds that F G D{£a) and \\DAF{w)\\j^ = ||(l + ^2 - Ay^iw)^^ < C\\w\\l,. 

(3) The operator ASqA is a Hilbert- Schmidt operator. 

Proof. We denote by Ah the operator 1 + — A acting on tempered distribution. Then 
F{w) = i J^{A'Jj^w)'^{x)dx. Hence for any if G S{R), 

D^F{w) = (A^iu;,A^V) 



L2 

H "" 



A-'Aj.'w,^]^^^^. (3.18) 



Hence DF{w) = A-'^A]fw, DF{w) G B{A) = D(i2) and \\DAF{w)\\jj = \\Ajj^w\\l^. A similar 
calculation shows also that the second derivative of F is equal to A^'^A^ and it belongs to 
trace class. Finally we prove the identity (j3.17p . Let {Pn} be projection operators onto the 
finite dimensional subspace spanned by the eigenfunctions of such that Pn converges to the 
identity operator strongly on H. By the definition of the norm of || ||vi/, we have = 
{SoPnW, Pnw)jj. Since tr(P„S'oPn) — ^ tr5o and ||P„tt;||^ — )• lltLiU^ for any w £ W hy the 
definition, the proof of (1) is completed. Since ASqA is unitarily equivalent to A~^{—Ah)^'^A~^, 
the proof of (3) is evident. □ 

We introduce a set of functions dominated by U to state a theorem which is an extension of 
Theorem 12. 31 

Definition 3.9. Let TjJ be the set of non-negative bounded globally Lipschitz continuous 
functions u on W which satisfy the following conditions. 
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(1) It holds that < u{h) < U{h) for all h £ and 

{h£H\ U{h) - u{h) = 0} = {/ii, . . . , /i„J = Z, (3.19) 
where Z is the zero point set of U. 

(2) There exists a non-negative number Si for each hi {1 < i < hq) such that 

u{w) = ei\\w — hiW'yy in a neighborhood of hi in the topology ofW. (3.20) 

(3) Let Ji = —^D'^u{hi) . Then the self-adjoint operators 

A'^ + AAK^^A + 4AJiA {I < i < uq) 

are strictly positive. 

Remark 3.10. (1) In the definition above, we assume u is equal to the squared norm of W. 
Actually Theorem \3. 12\ holds for more general function u near Z which satisfies the conditions 

(1) and (3) in Definition \3.9[ But just for simplicity we consider the case of squared norm. Also 
in this case, we have 

Ji = -eiA-^A-\ (3.21) 
From now on we use the notation Ji to express this operator. 

(2) The operator A^-\-AAKjj.A-\-AAJiA is unitarily equivalent to the operator m"^ —A-\-Avi—eiAj^ 
on L^(M). So the assumption (3) implies the nondegeneracy of the iP'-Hessian of U — u at hi. 

Example 3.11. Set 

uz{w) = min ||tt; — (3.22) 

l<i<no 

Let R > and k be a sufficiently small positive number. Then Km.m{uz, R) G ■ This 
function will appear in Section 5. The proof of the property (1) in Definition 13.91 is similar to 
that of Lemma 5.1 in [6\. 

Now we state a theorem which is stronger than Theorem 12.31 which corresponds to the case 
where n = 0. 

Theorem 3.12. Assume that (Al) and (A2) hold. Let u G J-jf and set ux{w) = Xu{w / ^/X) . 
Let Ei{X,u) = inf a{—LA + Va — ^^a) • Then 

hm £'i(A,u) = min Ei, (3.23) 

where 

Ei=mia(-LA + Qv,,j,)+trJi. (3.24) 

By (|3.17p . we have 

- La + Qv„j, + tr Ji = -La + Qv, - ei\\w\\ly. (3.25) 

In order to prove LHS > RHS in ()3.23p . we need a lower bound estimate for Schrodinger operators 
of the forms —Lj-\-V which are perturbations of the number operator —Lj by potential functions 
V. This lower boundedness was discovered and developed by Nelson [3l], Glimm [21], Segal [36], 
Federbush [20] and Gross [23]. 
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Lemma 3.13. (1) Let V be a bounded measurable function. Let T be a trace class self-adjoint 
operator on H with inf a{I + T) > 0. Then 

m[ \\{I + T)Df{w)\\ldf^+ [ V{w)f{wfdf, 
Jw Jw 



2 



+ (|logdet(/ + T) - ^tr (T^) -mtrT) (3.26) 

(2) Let d^yj = jd/j:. Let 

£a,v,j{9,9) = I \\ADg{w)fHdiiy,j, g eT>{£A,v,j), (3.27) 
Jw 

be the closure of the closable form {£a,v,j,'SC'^). Let c^^j = inf (t(/ + T^^j). Then the following 
logarithmic Sobolev inequality holds. For any g G D{£a,v,j), 

[ g{wf log (g{wf/\\g\\l,^ ^d^iy,J{w) < / \\ADgiw)\\Uf^y,j{w). (3.28) 

(3) Letf = fn-^j. Then for any f e^Cf, 
-LA + Qv,j + V-Eyj)f,f) 



\\DAfiw)\\Ul^y,jiw)+ V{w)f{wYdtiy,j{w) (3.29) 
w Jw 



and 



-LA + Qv,j + V-Ey^j)fJ 



L'2{W,dt^) 



(3.30) 



Proof. The inequality in (1) follows from Gaussian logarithmic Sobolev inequality |231 120). For 
example, see Theorem 4.3 in [5]. We prove (2). By the Bakry-Emery criterion, we obtain 



/ 5'(u;)^log (giwf/WgWhu r)) dfiv,j{w) < — / \\Dg{w)fHdny^j{w). 



(3.31) 



By combining this inequality with mWDg^w)]]^^ < 11711)5(10)111^, we get the desired inequality. 
We prove ()3.29p . Note that : {Tyjw,w) :G D{£a,v,j) and the sequence {/x(: {Ty^jw,w) : /n)} 
converges to / in D{£a,v,j), where x is a function with x{^) = 1 ^or \x\ < 1 and xi^) = 
for |x| > 2. Thus / G D{£a,v,j)- The identity (j3.29p follows from {—La + Qv,j)^v,j = E^^jQ^^ 
and a simple direct calculation. (lOOD follows from (K2H\\ and IK29\i . See [201 [23]. □ 
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In the proof of (|3.23p . we use Lemma [3.13| large deviation estimates and Laplace's asymptotic 
formula for Wiener chaos in Lemma 13.151 and Lemma 13.161 The following two lemmas are 
essential for the large deviation estimates. The hypercontractivity of the Ornstein-Uhlenbeck 
semigroup is the key for the proofs. But the proofs are almost similar to those of Lemma 2.14 
and Lemma 2.15 in [4J and we refer the reader for the proofs to them. Note that the large 
deviation estimates originally are due to [H] . See also [301 Ell El] . 

Lemma 3.14. Let Wn be the approximation function of w defined in the Section 2. For any 
6>0, 



lim lim sup — log ;U [ < w 

n->oo A \ 



> S} ] = -oo. (3.32) 



Lemma 3.15. Let T be a trace class self-adjoint operator on H and v be a bounded continuous 
function on W . We write v\{w) = Xv{w/\/~\). Let x be a non-negative bounded continuous 
function and set 

Fx{w) = {Vx{w) - vx{w)) X (^Mll^ + {Tw, w)^, w^W 
and F{h) = {V{h) - v{h)) x {\\h\\w) + (^h, h)H for he H. 

(1) The image measure of fi by the measurable map ^ satisfies the large deviation principle 
with the good rate function: 



If{x) 




there exists h £ H such that F{h) = x| 
there are no h £ H such that F{h) = x. 



(2) Assume that I + 2T is a strictly positive operator on H . Then there exists ao > 1 such that 
for any < a < oq; 



lim — log ( / eyi\i{—aF\{w)\d^{w)\ 

A-s>oo A \Jy/ V J ) 



min<'i||/i|||^ + a(y(/i)-t;(/i))x(||/i||H/) + a(r/i,/i)i^ h£li\. (3.33) 



Further, we need Laplace asymptotic formula for Wiener chaos. We use Lemma 13.181 which 
will be proved later. 



Lemma 3.16. Let x be a smooth non-negative function such that x{x) = 1 for \x\ < 1, xi^) = 
for \x\ > 2 and < x < 1- Set xx,e{w) = X • /fc(x) (3 < /c < 2M — 1) be continuous 

functions on M and f2M{x) = b2M be a positive constant. Let 



Y. 

k=3 



Gxiw) = A>:/ ■■{^] ■■ fk{x)g{x)dx. (3.34) 



Then for sufficiently small e, 



A— >oo 



lim / e-^^^'"'^^^'-^'"U^l{w) = 1. (3.35) 



w 
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Proof. Let 

2M 



G{h) = Y.I Kx? fk{x)g{x)dx. (3.36) 

U — 1 JR 



k=3 

Using the following identity with sufficiently small positive 6, k, 

2M 

Y,h{xfh{x) = h{x)^^'{{b2M-S)-{6 + KMx))) 
k=3 

2M-1 . . 



fc=3 
2M-1 



+ E ( ^Tirr^^(^)''' + ^-'Kxn {S + kUx)), (3.37) 



we have 



So for any a > 



.2M-3 

fc=3 



inf G(h) > -oo. (3.38) 

h&H 



lim fi||/i||l, + aG(/i)xi,.(/i)') =oo. 
By Lemma 13.181 for any 5 > and R> 0, there exists C{5,R) such that 

/ |/i(x)h/fc(x)|5(x)dx < C(5'=-2||;^||2^ for ll/illw- <C(5,i?), < i^- (3.39) 

Thus, for sufficiently small e, 

Ml^\\h\\% + 2G{h)xi,e{h) 



hGHj>0. 

Also by the decomposition of the polynomial (j3.37p we obtain that for any a > 0, 



limsup — logf / exp (— qGa(w)) ) < oo. (3.40) 

A-!>oo ^ \Jw J 

Hence, by a similar argument to the proof of Lemma [3.14l G\{w)/\ satisfies the large deviation 
principle with the rate function Iq which is defined similarly to If- By a similar argument to 
the proof of Lemma 2.16 in [4j, we can complete the proof. □ 

Remark 3.17. In the estimate (2.61) in [A\, we used large deviation results without mentioning 
the above decomposition of the polynomial (j3.37p . However, the argument above is necessary 
because the function fk may be different for each k differently from the setting in Lemma 13.151 

To apply Lemma 13.131 to the proof of Theorem 13.121 we need to approximate A by bounded 
linear operators of the form, \/m{I + trace class operator). To this end, we introduce a family 
of projection operators which depend on a positive parameter /. We fix a complete orthonormal 
system {en}J!)?=i on L^([0, 1], dx). The set {cn} are also a c.o.n.s of L^([0, 1], (ix)c. Let / > 
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and set en,i{x) = ;^e„(a;/Z). Then {e^^^} is a c.o.n.s of L^([0, Z], dx) and L'^{[0,l],dx)c- Let 
Ik,l = [kl, {k + 1)/), where A; G Z. Let us define 



°n,l,k{x) 



en,i{x^kl) {k>0), 
en,i{-x + {k + 1)1) {k<0). 



We extend Cn^i^k to a function on R setting e„^; ^(x) = for x ^ J^^;. The family of functions on 
IR) {en,z,fc I n G N, G Z} is a c.o.n.s. of L^(M) and L^(M)c. Let us define the Fourier transform 
and the inverse transform on L2(M)c: 

mo = m = 4= / e-^'-^cp{x)dx, (3.41) 

rV(^) = i^ix) = ^ [ e^'-^md^- (3.42) 

Note that en,i,k satisfies the following relation: 

/ e-^^«e„,,,fc(x)dx = / e^''^en,i,-k-i{x)dx, k e Z. (3.43) 

Let K, N be natural numbers. Let Pn,k,i be the projection operator onto the linear span of 

{ {d~^en,i,k) {x)\l<n<N,-K<k<K-l} (3.44) 
in L2(R)c. More explicitly, 

Pn,k,iv{x) = {v,'S~^en,i,k)L2iR)^{^~^en,i,k){x). (3.45) 

l<n<N-K<k<K-l 

If is a real-valued function, for A; G Z, 



(¥',5 ^e„,i,fc)^2(^. (5 ^en,i,fe)(x) = (<y5,5 ^e„,i_fc_i)^2mx (5^ ^e„,i_fe_i) (x) (3.46) 



where z denotes the complex conjugate of z. Hence Pn,k,i<P is also a real valued function. This 
implies that Pn,k,i is also a projection operator on L^(]R). 

Next, we define a family of projection operators on if = if^/^(M). Let us consider a unitary 
map ^ : L'^{M.)c H^''^{M.)c which is defined by * = 5~^M^-i/25^, where M^-i/2g{C) = 
oj{C)~^^'^9{C) ^iid w(^) = (m^ +^^)^^^- Clearly this unitary transformation preserves the real- 

1/2 

valued subspaces and ^l^z^jj) = We define a projection operator on by 

Pn,k,Mx) = ^ o ^iv,i^,i o *-^/i(x). (3.47) 

Since ^ preserves the real- valued subspace, Pn,k,i is a projection operator on H^^^. This 
operator can be defined in the following way too. Take h e L'^. Then h e H is equivalent to 
dh G L2(w(^)dO and 

{h,k)H = [ miOWm^im- (3.48) 

JR 
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Therefore {^'^ (w^^/^e„,^;^fc) | n G N, /c G Z} constitutes a c.o.n.s. of He. The projection Pn,k,i 
is nothing but a projection operator onto a hnear span of {^~^ (<^^^^^en,/,fe) I 1 < n < N, —K < 
k < K — 1}. Note that ImP/v,A',/ C D(A"') for all n > 1. Also for any /, Pn,k,i converges to the 
identity operator on H strongly as N^K ^ oo. The following Gagliard-Nirenberg type estimate 
is used in the proof of Lemma [3.161 and the estimate for the weighted L^-estimate on P/v^^ — /i. 

Lemma 3.18. Let p > 2. Let g he a non-negative hounded measurahle function such that 

[Jr Jr Jr J 

Let s he a positive numher such that < s < ^ . Then there exists a positive constant C which 
depends on C(j),g), \\g\\oo and s such that for any 

^^\h{x)\'Pg{x)dx^ < C\\hr^ll\\h\\l^^^'\ (3.49) 
where a{s) = 3/(4 — 2s). 

Proof. Let 99 be a C°° function such that f{x) = 1 for |x| < 1 and (p{x) = for |x| > 2 and 
< ip{x) < 1 for all X. Let R> 1. We consider the following decomposition. 

h = (h^i-/R)) + {hil - ip{-/R))) =hi + h2. (3.50) 

Let ^H,( = (1 + ICP ~ ^^)- Using the integration by parts formula, we obtain 

h,{x) = ^ [ e^'-<^^{i/R)^H,i^H\Hm 
y 2,71 Jr 

= / eV^^MC/i?)(l + |eP + |x|2)A-i A(0de 

j^9"(f/K)e'^'«A«'>(0<ie (3.51) 



Using the Schwarz inequality and the commutativity of 5^ ^ and ^h,^i we have 

\hi{x)\ < -^WhllwiVRlxf + 2\x\R~^/^ + Vr{1 + AR) + R''^/^) (3.52) 
V 27r ^ ^ 



and 

\\hi\\Lp{gdx)<CR:'^^h\\w. (3.53) 
Next we estimate /i2. By Lemma l3.3[ 

ii/^2||l. < Cp,,yjh{o{i-v>ic/R))\\ni^+erdcy 



1/2 



\Jr (m2 + i?2)2 * J 
= Cp,.(m2 + i?2)-i(|-^)||/j||^^/,. (3.54) 
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The estimates (|3.53p and (j3.54p imply for any R> I, 

i/p 



{ [ \h{x)\Pgix)dx\ ' < 9lj9}\oo\\h\\^^,^+C2R^/^h\\w, (3.55) 



where Ci is a constant which depends on m,p,s and C2 is a constant which depends on H^H^i, 
f^\x\Pg{x)dx and J^\x\'^Pg{x)dx. Let C3 = sup^-^Q . Clearly C3 < 00. Putting R = 

/ ||,|| \l/(2-s) 

(^3pll^ ) ' "^^ set the estimate ([09]) . □ 

Using the preliminaries above, we approximate A by bounded linear operators which are of 
the form y/rn{I + trace class operator). Let i? be a positive number. Let iPr{x) be a positive 
function on [0, 00) such that '4jr{x) = 1 for < x < a;(i?)^/^ and iPr{x) = oj{RY/'^/x for x > 
oj{RY/'^. Let A(^) = A'i1^r{A). Then A^^^i is a bounded linear operator and ||A(^)||op = a;(i?)^/^. 
In the first step, we approximate A by A^^^ as in the following lemma. From now on, we use 
the following notation. For r > and z ^W,k ^ H , let Br{z) = {w £ W \ \\w — z\\w < r} and 
Br,H{k) = {heH \ \\h- k\\H < r}. Also, we define Be{Z) = U'^^-^Be{hi). 

Lemma 3.19. Assume U satisfies (Al) and (A2). Let u G . 

(1) For any e > 0, there exists /3(e) > such that 

inf {U{h) - u{h) \ h G B^izy D I){A)} > /3(e). (3.56) 

(2) For any e > 0, there exist R > and 5{£, R) > such that 

infj^ ^ + y(/i)-n(/i) heBsiZyriH^ > 6{e,R). (3.57) 

Proof. (1) We have > -v/wi||^ll-f/ for any h. Since for any h £ H 

V{h)-u{h)> I (inf P{x)] g{x)dx -sup u{h) =: K> -00, (3.58) 
Jr ^ ^ ^ h 

liminf|j/jjj^_>oo (ill^^lln + V{h) — u{h)) = +00. Hence it suffices to show that for fixed i?o > 

mf!^^\\Ah\\l + V{h)-u{h)\hGB,{ZrnBR,^H{0)nB{A)^ > /3(e) > 0. (3.59) 

Assume that there exist {ifn} C Bs{ZYriBRg^H{0)riD{A) such that lim„_j.oo(^(v'n)— ^(Vn)) = 0. 
By Lemma [331 sup„ |y((/?„)| < 00. Hence sup„ ||Vn||^i < 00. Therefore we may assume that 
ipn converges weakly to some (p G in H^. Since the inclusion H ^ W is a, Hilbert-Schmidt 
operator, lim„^oo llv'n -^^HvK = and lim„_^oo uifn) = uif)- By Lemma[3T8l lim„^oo Vi^n) = 
V{ip). Combining these, we get 

Uii^) - u{ip) < liminf ( yllv'nIlHi + ^(V'n) - uifn)] = 0. 
This implies (p £ Z. However, since lim„_>oo \\^n — 'fWw = 0, this contradicts the assumptions 

on {ipn}- 
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(2) It suffices to show that for fixed Rq > and any e > 0, there exist R and S{e,R) > 
such that for any h £ Bi^^Zy n Br^^h{0), 



H 



+ V{h)-u{h) > 6{e,R). 



(3.60) 



Pick any h £ Bir{Z)^ n B^^^niO)- There are two cases where 

(i) there exists i such that 'ipR{A)h G B^i2{hi), 

(ii) it holds that e B^i2{ZY n Br^^h{'^)- 
We consider the case (i). S 

\\Xiu.iRY/2^oo){m\H >\\h- ^R{A)h\\H > C\\h - ^l;R{A)h\\w > Ce/2. 
Noting = ^X[o,a;(i?)i/2)(^)^ + ^(^)^^^X[^(R)i/2,oo)(^)^' we have 



h\A(R)h\\l + Vih)-n{h)> 



e'CMR) 
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where k is defined in (I3.58p . Hence, for large ii, (I3.60p holds. We consider the case (ii). If 
\\\A^^'^h\\]j > then \\\A'^^)h\\]j + V{h)-u{h) > £. So we may assume that \\\A^^'^h\\]j < 

\k\ + e. In this case, 



\h-MA)hrH<\\x[^^^y;.,^){A)hrH 



2 < 4(|ac| +e) 



Hence 



uj{R) 

\V{h)-V{i^R{A)h)\ < C{l + \\h\\Hf'''-'\\h-MA)h\\H 

^2A^-l/4(|K|+£^^^/' 



(3.61) 



< 0(1 + RoY 



uj{R) 



\u{h) - u{iPR{A)h)\ < C\\h-iljRiA)h\\w <2C 



\k\ + e 
IJiRY 



1/2 



(3.62) 
(3.63) 



In (j3.62p . we have used Lemma 13.31 Thus, we have 



H 



+ V{h)-u{h) 



H 



+ ViMA)h) - u{ijRiA)h) 



+ V{h) - V{ijR{A)h) - {u{h) - u{'^R{A)h)) 

1/2 



> /3(e/2) - 4C(1 + i?o)2^'-i 



Therefore, ()3.60p holds. 

We introduce approximate operators of A. From now on, we assume that R/l £ N. Let 

oo 

Al = ^w(fcZ)^/2l[^(^;)l/2^^((;i.+l),)l/2)(A). 

fe=0 



(3.64) 
□ 
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By the assumption € N, we have = {Ai)^^\ Hence we can use the notation ^[^^ for 

this operator without ambiguity. Also we define 



^N,K,l 



(R) 

N,R/i,r 



(3.65) 



More exphcitly, 



N 

n=l -iR/l)<k<-l 
N 

+ E E ^(^0'^' {h,d-\uj-'/'en,i,k))^rH^-'^'e^,i,k). (3.66) 

n=lO<k<{R/l)-l 



Finally, we set 



N,N1- 



(3.67) 



We have ImP/y,/ C ImP/v+i,« and \mi]\i^ao Pn,i = I strongly. Note that ^/rnP^ ^ + A]\i^i is an 
approximation operator of A for small / and large N. We have the following lemmas for these 
operators. The first lemma is easy and we omit the proof. 

Lemma 3.20. (1) The bounded linear operators Pj\i^i, i, A^i^^\ A]\j^i commute. 
(2) The image of the operator A^^i is a finite dimensional subspace of H . 

Lemma 3.21. (1) For any h £ D(A) 

\\Ah\\l > WA^^^^Wl > WAi'^^Wl > WiV^P^i + A^,)h\\j, (3.68) 

and I — (^Ppj I + -^^Aj\[^i^ is a finite dimensional operator, especially, a trace class operator. 

(2) Assume that U satisfies (Al) and (A2). Let u G ■ For any e > 0, there exist (5(e)' > 0, 
iV G N, / > such that 



inf^i 



^P^i + AN,i)h +V{h)-u{h) hGBeiZyriH} > 6{ey. 



H 



Proof of Lemma \3. 21[ It is easy to check (1). We prove (2). By a similar argument to the proof 
of Lemma 13.191 (1), it is enough to show that for fixed large i?o > and any e > 0, there exist 
S{ey and iV G N, / > such that for any h € Bs{Zy n Br^-,^h{0), 



Note that ioi he H, 



iV^Pi^^i + AN^i)h + V{h) - u{h) > <5(e)'. 



lArhwj, > p(^0;,||2^_^||/,||2^. 



(3.69) 



(3.70) 



Take small / and large N such that IRq < 6{e,Nl), where 6{e,R) is the number in p.57p . Then 
by (|3.57p . we get 



inf ■ 



H 



+ V{h)-u{h) h£ BeiZynBR, 



> S{e,Nl)/2=:5{ey{3.71) 
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By using the commutativity of ^jy^/^ and Pn,^ we have 

^WV^P^^ih + AnMh + y{h) - u{h) 

= jWPiihfn + \\\Mih\\H + V{Pr,,ih) - u{PM,ih) 

+V{h) - V{PN,ih) - {u{h) - u{PN,ih)) . (3.72) 

By the same argument as in the proof of Lemma 13.191 we may assume that 

^\\AN,ih\\l <\K\+e. (3.73) 
By using the Holder inequahty and Lemma 13.31 we have 

2M fc-1 

II P., ./,ir , II p^.hi, 

\L''{gdx) 



k=l r=0 
2M fc-1 

k=l r=0 

Let (5 be a positive number. Note that hm7v-s>oo Pn,i = I strongly and the inclusion H ^ W \s 
a Hilbert-Schmidt operator. By taking sufficiently large and using Lemma 13.181 we have for 
heH with \\h\\H < Ro 

\V{h) - V{PN,ih)\ < C(l + Rof^''^6, \u{h) - u{PN,ih)\ < CSRo- 

Let h E Bir{Zy n (0). There are two cases where (i) for some i, PN,ih G i?£/2(^i)) 

(ii) PN,ih G B^i2(yZY- Let us consider the case (i). We estimate the quantity on the right-hand 
side of ' (1377211 . 

+ y(P^,,/i) - u{Pn,iK) 

= ^WAnMI + V{i;m{A)PN,ih) - u{iPNi{A)PN,ih) 
+ V{PN,ih) - ViiPNi{A)PN,ih) - {u{PN,ih) - u{^m{A)PN,ih)) . (3.75) 



We have 



\UnM\1 = \urPNM 



> \\\a^'''^PnM\1-{\\PnM\1 

> ^\\Ai;MA)PN,MH - ^Rl (3-76) 



By p.73p and a similar proof to ()3.6ip . we obtain 



\PM,ih - i;Ni{A)PN,ih\\l < ^^^J^- (3-77) 
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The estimate \\PN,ih — hi\\w < | implies ||-P/v«^ll^^ — ^ll^jvz^llw^ — Ce/2. Consequently, 



^ „ MPN,ih + AnMh + y{h) - u{h) 



> —r^ - -,Rt - C{1 + Ror''-'S - C6R0 
Lb 4 

-C7(l + Ror^'^ ( ^^Li^l - 2C ( M±£^ . (3.78) 



uj{Nl) J \oj{Nl) J 

which proves ()3.69p . It remains to consider the case (ii). In this case, 

^W^P^^ih + AnMI + yih) - u{h) > <5 - (C + 1)5(1 + i?o)2*'-^ 
This completes the proof. □ 

4 Proof of Theorem [23] and Theorem [3321 

Proof of Theorem \3.12i (1) Lower bound estimate: To prove the inequality LHS > RHS in 
(j3.23p . we divide the estimate into two parts: (I) Neighborhood of the zero points of U, (II) Out- 
side neighborhood of the zero points of U. 

Let X be a cut-off function as in Lemma 13.161 Let e > and Xi(f^) = X ^^^^ v^i)|li4/ ^ 
Xoo{w) = \/l - Ya=i XiiwY- Let f^{w) = f{w)x*iw), where * = i,oo (1 < i < no). Then 
{{-LA + Vx-ux)fJ) = Yl {{-LA + Vx-ux)h,h) 

- I \\DAX*fHf{w?d^,{w). (4.1) 

{*=!,. ..,no, 00} 

By Lemma [3^81 there exists a positive constant C such that ||L'aX*('"^)IIh — ^-a.s. w for all 
*. First, we consider the case where * = 1, . . . , no- 

(I) Neighborhood of the zero points of U : Let 1 < i < tlq. Using the Cameron-Martin formula, 

{{-LA + Vx-ux)fi,fi) 

= j \\{DAfi){w + \/A/ii)||f^exp ^-\/A(/ii, w)h - d^i 

exp (^-VX{hi,w)H - ^\\hi\\H^ dfi. (4.2) 
Let fi{w) = fi{w + y/Xhi) exp (-^{hi,w)H - jWhiWjj) . Note that ||/i||L2(^) = ||/j||L2(^). Using 
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the integration by parts formula, we have 



\\{ADmw + ^hi)f 



w 



^exp 



-\fX{hi,w)H - t;\\ih\\h 



w 



A{DUw) + ^hJi{w) 



dfj, 



H 



w Jw 



M^df^ + ^ [ \\Ah,\\lMwfd^,. 

4 J^r 



Also note that 
Vx (w + VXhi 



A / P{hi{x))g{x)dx + \/A / P' {hi{x))w{x)g{x)dx + / : w{x)'^ : Vi{x)dx 
Jr Jr Jr 

2M 

(4.3) 



^Z^'^ / • ^(^) • V, " g{x)dx, 



k=3 



-U\{'W + V\hi) = — ej||ri;||^(=: {JiW,w) : +tr Jj) for w with Xi{w) 7^ 0. 



(4.4) 



By the Euler-Lagrange equation, we have ^ [A^hi^w) ^ + P' {hi{x))w{x)g{x)dx = /x-a.s. 
By this and U{hi) = \ \\Ahi\\'\j + f^P{hi{x))g{x)dx = 0, we have 



{{-LA + Vx-ux)fi,fi) 



w 



\\ADMw)fdf,+ / iQ.^^j^iw) +tr, Ji)fiiwfdfi 



w 



+ / Rx,i{w)fiiw) dn, 
Jw 



where 



2M „ 



(4.5) 



(4.6) 



A;=3 



and gk,i{x) = ^—%r^g{x). By Lemma [3.131 (3). setting V = Rx^i, we obtain 



ii-LA + Vx-ux-E,)f,,fi) 
. mcy^j^ { f 



^A,j(w)Xe,A(?i') ^v„J,iwfdfM{w] 



(4.7) 



were Xe,A(^^) = X {j^^^^ ■ Lemma [3.161 and using the same argument as in page 3363-3364 
in [1], we have 

liminf {{-La + Vx-ux- Ei)fi, h)^^,. > 0. 



A— >oo 



and Xoo('"^) = - YJi^i Xi{wY- Xoo satisfies that 



(II) Outside neighborhood of the zero points of U: We estimate {{—LA + Vx — ux)foo,foo)- 
To this end, let Xi{w) = X ^^i^I-^^Mi 
Xoo{w) = 1 for w with Xoo{'w) 7^ and 

{wGW\ Xoo{w) / 0} C (ur=i^,yT [VXhi)^ 
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Let e' < For this e' , we choose a number A^, I as in Lemma 13.211 (2) and define a trace class 
operator on H by 

We have 



{{-La + Vx- ua)/oo,/oo) 

>m/' ||(/ + r^,o^/ooH||?,(i/iH 

Jw 



+ {vx{w)-ux{w) - ^A5(e')) Xoo{w)foo{w?dfi{w) 

+ I Us{e')xo.{w)foo{wfdf,{w). (4.8) 
Jw ^ 



Note that 



Let VAl'iw) = (Vx(ti^) - tiA(if) - \\^{e')) Xoo{w)- Applying Lemma[3TTl(l), 

J^{\)=m\ \\{I + TN,i)DfM\\HMw)+ [ Vx{w)foo{wfdfi{w) 
Jw Jw 

> -^logj^exp - {Tn,iw,w)^ - i||r^,;^,;||2^^ dfi{w)^ ll/oo|li2(^) 

+ (I logdet(/ + T^,i) - ^tr (T^ J - m tr(T;v,0) WUlh^.y (4-9) 



Because 



-\\{I + TN,i)h\\l + i^{h)-u{h)--5{e')jxoo{h)>0 for all /i G (4.10) 



where 

,^,,-_L.tJ3^)X\ ,4,n, 



\ i=l ^ ^ / 

by the large deviation estimate, we obtain for any e" > it holds that 

J2(A) > {-e"X + C^)||/oo||i2(^) for large A. 

Putting the above estimates together, we complete the proof of lower bound estimate. 
(2) Upper bound estimate: In (j4.5p . putting fi{w) = Cly.j^{w) and using 

lim / Rx,i{w)Cl^^^j^{wfdfj.{w) = 0, 



A— >oo 



W 



we obtain the upper bound estimate. □ 
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5 Proof of Theorem 12.6 



In this section, we prove Theorem 12.61 Before doing so, let us recah the result in the case of 
Schrodinger operator —H\ u = —A + \U{x/\fX) in L'^{W^,dx) and we sketch an idea of the 
proof of Theorem 12.61 Let us put standard assumptions on the potential function U on as 
in (HI), (H2), (H3) in Section 2 and 

(H4) U{x) = U{—x) for all x and the zero points of U consists two points. 

Then the gap of the spectrum of the lowest eigenvalue and the second lowest eigenvalue is 
exponentially small under A — t- oo and the exponential decay rate is given by the Agmon distance 
between two zero points of U . One of the key of the proof of this result is that the operator 
—A is bounded from below which is obtained by subtracting the potential term XU{x/^/X) from 
the Schrodinger operator —H\ u. In the case of —La + Vx, although it is formally written as 
in (j2.7p . we cannot do the same thing. However, the bottom of spectrum of —La + V\ — ux is 
uniformly bounded from below for large A if u G So we can apply the standard argument 
to the operator —La + Vx by replacing —A and Ux by —La + V\ — ua and ux respectively. 
Therefore we will introduce distance functions using u € by which we can give estimates 
for the decay rate. After that, we optimize the estimates and we arrive at the desired estimate 
in Theorem 12.61 So, first, we introduce the following. 

Definition 5.1. Let ip,ip £ L^(M). Let ACt,,p,xI) (L^(M)) be the set of all absolutely continuous 
functions c : [0,T] L^{R) with c(0) = if and c{T) = ip. We may omit the subscript T when 
T = 1 and omit denoting (p, ip if there are no constraint. Let u be a non-negative bounded 
continuous function on W. For wi,W2 G W with — G L^(M), define 



p^{wi,W2) = y/u{wi + c{t))\\c' {t)\\L2dt c G ACt ,0,102—11)1 



(5.1) 



If wi — W2 ^ L (R), we set {wi,W2) = oo. 



The definition of does not depend on T. Clearly, p}^{w,w + if) < \/|M|^||(/?||i2 for any 
w £ W,if £ L'^. We define an approximate Agmon distance. 



Definition 5.2 (Approximate Agmon distance). Let u G and wi,W2 G W. Define 

p^{wi,W2) = liminf<^ p^{w,r]) w G Bs{wi),r] G Be{w2) >. (5.2) 



Using p^ , we define 



d^{wi,W2) = sup f^{wi,W2). (5.3) 



Remark 5.3. (1) Assume U satisfies (Al), (A2), (A3). We show that d^{ho,-ho) > 0. For 
sufficiently small positive k and R, u = Kuiin^uz, R) G F^ . Note that 

inf{||u;i -W2\\w I ^^i G B^^/^y/2{ho),W2 G 5(e/K)i/2 (-/lo)} > 2(||/io||v^ - (e//^)^^^) > 0, 
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and norm is stronger than the norm of \\ \\w, we have {Hq, —ho) > and d^ (Hq, —ho) > 0. 
Also it is obvious that d^{hQ, —ho) < d^^{hQ, —ho). 

(2) Let us consider the case where U{h) = U {—h). Take u G -7^^. Then v{uj) = m.a.'x.{u{vj),u{—uj)) 
also belongs to . So, the value of dff {wi,u!2) in ()5.3p does not change by restricting the do- 
main to the proper subset consisting of such symmetric functions. 

Note that for any rj £ W, 

p^{r],w) = +00 fi-a.s. w 

So, still, we cannot argue as finite dimensional cases and we need some preliminaries to prove 
main theorem. For a non-empty open set O of W, let 

/.rKO) = inf{pr("',0) \<P^0}. 

Lemma 5.4. Let u be a bounded continuous function on W . Let O be a non-empty open set. 
We have p}^(w,0) < oo for all w € W and the function w i— t- p^{w^O) is a Borel measurable 
function. Let A > 0. Let us write p\^o{w) = p^{w/^/~\,0) for simplicity. Then the function 
px^o belongs to D{£a) o,nd 

\\DaPx,o{w)\\1< ''^'"'^\ p-a.s.w. (5.4) 

The proof of this lemma is a suitable modification of that of Lemma 3.2 in [7j. 

Proof. For any vu G W, there exists h £ H such that w -\- h £ O which implies p}^ {w, O) < oo. 
The measurability follows from the same argument as in the proof of Lemma 3.2 in [7J. We 
prove the latter half of the statement. We prove the estimate in the case where A = 1. The 
proof of other cases is similar to it. Let C = ||^t||oo- Let h £ H. By the definition of p}^ , 

p^iw + h,0) < p^{w,0)+ [ ^u{w + th)\\h\\L2dt 

Jo 

< p^{w,0) + VC\\h\\L2. (5.5) 

This shows p}^{w,0) is almost surely i?-Lipschitz continuous function on W. By 5.4.10. Ex- 
ample in [TU], p}^ belongs to D(<S/) and \\DpY {w,0)\\h < VC for ^u-almost all w. Actually, 
(j5.5p shows for any h £ H, 



{Dp^{w,0),h)^ < y^\\A~'h\\H. (5.6) 

This shows WDapY {w,0)\\h < ^/ u{w) /^-almost all vu. □ 

Remark 5.5. Let dH{w,ri) = \\w — r]\\H. This function dn is so-called an H -distance on W and 
p^{0,w) = \\ii{dH{w,ri) I 7] e O} belongs to D(<£'/) for any non-empty open set O in W. The 
definition ofD{£j) was given in Definition \3. 11 The topology defined by the Agmon distance d^^ 
on i?^/^(M)(= H) is nothing but the topology of the Sobolev space H^/^{R). See Theorem^ 
Approximate Agmon distance dl^ may be viewed as an extension of d^^ on W similarly to du 
in view of Lemma [5^ However I think d^{w,ri) = +oo if w ^ H^^"^ or r/ ^ H^/"^ differently 
from du- 



25 



It is known that Ei{\) is a simple eigenvalue and there exists an associated strictly positive 
normalized eigenfunction Oo,a(w)- Intuitively, the ground state measure ^lo^x{w)'^diJ,{'w) concen- 
trates on a certain neighborhood of \/A/io, — \/A/io when A is large. We need such an estimate 
to obtain our second main theorem. 

Lemma 5.6. Let < q < 1. Let £^ he a globally Lipschitz continuous function such that the 
support of the first derivative of is compact. Let u G and set 



(5.7) 



Then 



[ |a(1 - q^)u{w/VX) - {Cu + i?i(A))| e^^'>P-^^/'^\{w/Vxfno,x{wfdp{w) 
Jw ^ ' 



A 

+ 



2q e^MPu{u,/Vx)^i (^p^{w/^)) r^{w/^)u{w/^)VtQ,x{wfdp{w). (5.8) 



Proof. Let F and G be bounded C°° functions on W . We use the notation F\{w) = \F{w/^fX). 
Using the lower bound 



inf a{—LA + V\ — ux) > —Cu for sufficiently largeA, 



we have 



{e^^G,{-LA + Vx - E,{X)){e-^^G)) 



{{-La + Vx- ux) - E^{X))G, + ((^^a - \\DAFxfH)G, G) 



> < A U 



w 

71 



{Cu + Ei{\))\G,G 



Let 7] be another smooth function and set 

G = no,xe^'Vx. 

Using {—La + Vx)^o,x = Ei{X)Qq^x, the left-hand side of (15.91) reads 

{e^^'no,xr]x, {-La + Vx- Si(A))(Oo,Ar?A)) 

= - {e^^'Qlxrix,LA7lx) - {D a{^Ix) . e^^>- r^xD aVx) 

= [ e''^^\\DAVx\\H^lxdf^ + '^ I e^^^{DAFx,DAVx)HVx^lxdf^- 
Jw ' Jw 

Consequently, we obtain 

\ 2 

w 



(5.9) 



(5.10) 



(5.11) 



w 



w 



{DaF) (- 



{Cu + i^i(A)) } e^^-'^^\x{w?^o,x{wfdp{w) 



<[ e^''^\\DAr]x\\lnl^dii + 2 [ e^^^{DAFx, DAr]x)Hr]x^l xdf^- (5-12) 
Jw Jw 
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We apply this estimate in the case where 



F{w) = qp^{w,B,{Z)), (5.13) 
V{yj) = i{p^[w,B,{Z))). (5.14) 

These functions does not satisfy the assumptions we assume so far. But standard approximation 
argument works and we complete the proof. □ 

Let K be a positive number and ^{t) be the piecewise linear function such that ^(t) = for 
t < and ^(t) = 1 for t > k. Then we obtain an exponential decay estimate of the ground state 
measure. 

Lemma 5.7. Let r > n and < g < 1. For large X, we have 

r g-2<jA(r-ft) 

/ no^x{wfdfi{w) < Ci— — — tttII^IIoo, (5.15) 

Jp^iw/V\,B,{Z))>r K^(A(1 - q^)e^ - C2) 

where Ci are positive constants independent of X. 

We write //a,(/ = ^o,x{w)'^dfi{w). Let Sx : w ^-^ w/\/X be the scaling map. Then the above 
lemma shows that the image measure {Sx)^px^u concentrates on a neighborhood of zero points 
{/iQ, —ho} of the potential function U . Now we are going to prove second main theorem. As the 
first step, we prove the following. 

Lemma 5.8. Assume the same assumptions as in Theorem YlM Then we have 

V log(^2(A)-i^i(A)) ^ ^ 

limsup < —djj [ho,— ho). (5.16) 

A^-oo X 

Proof. Note that 



^2(A)-^i(A) 

' J^\\DAf{w)\\ldpx,u 



f ^ const, / G B{£a) n L'^iW, p) with 



Var^;,,c;(/) 

\\DAf{w)fHdpx,u <<^\, (5.17) 
W ) 

where Var^^ ^ stands for the variance with respect to the ground state measure px,u- To prove 
this result, we need to identify the domain of the Dirichlet form which is obtained by the ground 
state transformation by rio,A- We refer the reader to [8j for this problem in a setting of hyper- 
bounded semi-group. By taking a trial function / which satisfies the assumption of the right- 
hand side of the above, we prove ([51^ . Let u£F^ which satisfies p^{ho, -ho) > 0. Without 
loss of generality, we may assume that u{w) = u{—w) for all w because of Remark 15.31 (2). Take 

[ho ho) 

5 > such that < 6 < — — j . Let ips be the piecewise linear function such that tpsit) = 1 

for t < ^TWM _ 25 = for t > 'JS!^ _ S. Let 



fs{w) = i^s ( p: ( -^,B,{ho)jj - ^6 [^p^: ^-^,B,{-ho) ) ) . (5.18) 
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Let e be a sufficiently small positive number such that 

p^{w,B,{ho)) + p^{w,B,{-ho)) > {ho, -ho) -26 for all w; G M^. (5.19) 



We can choose such a number because of the definition of p^ and the triangle inequality for 
p^ . Let K be a positive number such that 



p^{ho,-ho) 



26 > K. 



(5.20) 



Since 



Var^^ y(/^) > 2nx,uU5 = l)/^A,c/(/<5 = -1) 



2/^A,c/ I P^ ( ^,Be{ho, 



^ P^{ho,-ho) 



w 



p^ {^,B,{Z)]<^ 



Pi! {ho, -ho) 
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we obtain 



liminf Var^t^ ^,{fs) > 0. 



A— >oo 



(5.21) 
(5.22) 

(5.23) 



We have used (I5.19P and the symmetry, i.e., u{w) = u{—'w), Qo,\{'w) = ilo,x{—'w) for all w £ W 
in (j5.2ip . Also we have used ()5.19p in ()5.22p . On the other hand, 



J\DAf5{w)\\UPx,uH < ^ 



< 



where 



Ds 



w £W 



P^{^^,B,{z)]e 



Cl||u||oo 

X6^K'^{X{l-q^)£^ -C2) 

pr(^o,-/io) 



q\[p^iho,-ho)-4:S-2K 



p^{ho,-ho) 
26, - 6 



,(5.24) 

. (5.25) 
□ 



Thus by optimizing p^ {ho, —ho), this completes the proof. 

Now we complete the proof of Theorem 12. 61 It suffices to prove the following lemma. 
Lemma 5.9. Let us consider the situation in Theorem 12. 6[ Then we have 

di\ho,-ho) = d^{ho,-ho). (5.26) 
From now on, until the end of this section, we assume that U satisfies (Al), (A2) and (A3). 



d2 



be the 



We need preparations for the proof of this lemma. Let I = [—L/2,L/2]. Let A/j 
Laplace-Beltrami operator on L^(/, dx) with Dirichlet boundary condition, where dx denotes the 

hosi^x] 



Lebesgue measure. Set e2k{x) = \/ x = 1; 2, . . .), e2k+i{- 
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(A; = 0, 1, • • • ). Then {e„}n>o is a complete orthonormal system of L?'{I, dx). We define Sobolev 
spaces: 



HoiI,dx) 



h e V'il) /i = ^ anBn, and := ^ 



uj(n)'^^\an\'^ < oo 



n>0 



n>0 



where a;(n) 



1/2 



+ {'^) ) and s G M. Clearly 



[m 



AdY^'^^pWl^- We consider 



projection operators Pat/i = X]o<n<Af '^"^^ -^o- Below, we denote the set of C°° functions 
with compact support on M by C^(M). 

Lemma 5.10. Let I = [-L/2, L/2]. 

(1) Let X G C'o°(M) and assume the support of x is included in the open interval {—L/2, L/2). 
Let My. be the multiplication operator defined by M^Li = X'h £ C°°{I), where h G C|^(M). Then 

can be extended to a bounded linear operator from W to Hq'^{I). 

(2) Let h E HQ{I,dx). Define h{x) = h{x) {x € /) and h{x) = (x G P). Then the zero 
extension h belongs to H^{E.) and ||/i||i^i(K) = ||/i||_f/(J(7)- 

Proof. (1) Let h e and <f G L'^{I). We write (m^ - Ab)-V = V' G HI{I). Then (the 

zero extension of) ip • x belongs to H'^iM) and 



We have 



(1 - A) (V' • x) = • X + (1 - m^)^ • X - Ax • ^ - 2V''x'- 



[rn^ — Ad) ^{hx){x)ip{x)dx 



(5.27) 



h{x)x{x){m'^ — Ad) ^'^{x)dx 

/ (1 + - A)"^/i(x)(l + - A){xi^){x)dx 
Jr 



< 



|h/||(i + x2-a)(xV)II 



(5.28) 



By (15:271) . we obtain 



'^{hx){x)ip{x)dx 



< WHw {MIl^i) + IIV'IIl2(/) + WiIj'Wl^i)) 

< C\\h\\w\\f\\L^(I) 

which proves the statement (1). The result (2) is an elementary subject. 
Also we have 

Lemma 5.11. Let p > 2 and < r < 1. Then we have the following estimates. 

(1) ||/i|kp(7)<C(L)||/i||^v2(,). 

(2) < l|/^ll^,l(,)l|/i||^L2.)/(2-2.,(^)- 



(5.29) 
□ 
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Proof. The statement (1) can be proved by using an interpolation argument and the proof is 
weh-known. We prove (2). Let h = Yln^rie-ri £ ^^o- Then 

lkll^i/2 = ^^{n)\an\'^ 
n 

El \2t\ |2r / \l-2ri |2-2t 
a;(n) |a„| ■ bj(n) |a„| 



l-T 



which completes the proof. □ 

Lemma 5.12. Let L he a "positive number such that the support of g is included in [—L/8, L/8]. 
Let X be a smooth non-negative function such that xi^) = 1 for \x\ < 1/4 and xi^) = for 
\x\ > 1/3. Let XLix) = x{x/L). Let —C{P) = inf2.P(x). Then for any < e < 1, hy taking L 
large enough, we have 

U{h)>{l-£)U{hxL)-e^C{P)\\g\\Li for all h £ (R) . (5.30) 

Proof. Let h £ H^{M.). By using the integration by parts and a simple calculation, 

U{h) = U{xLh + {l-XL)h) 

= U{xLh) + ^\\{l-XL)h\\l,+^ [ XL{x){l-XL{x))h'{xfdx 

+ i / {2xL{x)-l)xl{x)h{xfdx 

> U{xLh)-^\\x"\U\h\\l2(^^y (5.31) 

By the definition of C(P), V{h) = J^P{h{x))g{x) > -C{P) J^g{x)dx = -C{P)\\g\\Li. There- 
fore, 



U{h)-{l-e)U{xLh) 

1 

'4l2 



>eU{h)-{l-e)^\\x"\\oo\\h\\l, 



e{u{h)-{l-e)^^\\x"\U\h\\l. 



l-e 

,2 



e ( (1 - e)U{h) + eU{h) - 



e {(1 - e)U{h) + - ^llx"l|oo) \\h\\l. - eC{P)\\gU.^ . (5.32) 



Therefore, setting 



L = (5.33) 

em 



we obtain the estimate (I5.30p . □ 
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Proof of Lemma \5.9[ Let e,L be the positive number in Lemma 15.121 and set / = [— L/2,L/2]. 
Here we take L large enough so that 

\\h^XL-hi\\ HI iR)<S/8, (5.34) 

where hi = ho,h2 = —ho. In this proof, we set sq > 2 and let tq = 2IIX2 ■ That is, the estimate 
\\h\\LP < ll^ll/r-^o holds. Let us use the function uziw) = minj=i^2 ll^i" — ^illvF- 

Note that there exists < eo < 1 such that 

U{h)>eoUz{h) ior all h £ HK (5.35) 

For w £ W, we write wl = xl ' w for simplicity. This multiplication is well-defined by 
Lemma I5.1UI and wl G Hq^{I). Let i? be a positive number and be a natural number. 
Let us define a subset of W by 



w £W 



\\Pnwl\\jj1/2^j-^ < R,\\PnWl\\h~2^i) < RiJ^Y^WPnwl - hi\\Hi(R) > . 



(5.36) 



Here we identify Pnwl £ Hq{I) as an element of ff^(M) by the zero extension. Let h E 
H\R) n Wr^n,l,5- We have 



U{hL) = l\\hL\\l,(^^) + V{hL) 

= \\\PNhL\\l.^j^ + ViPNhL) + ^\\P^hL\\l.^j^ + VihL) - ViPM 



U{PNhL) + \\\Pkh\?H^a) + V{hL) - V{PNhL). (5.37) 



We have 

V{hL) - V{PNhL) 



2M-1 „ /')l\/f\ 

= a2M||P^/iL|liii.(,,,,,)+a2M J2 YPNhL?^''' i^) [PNhL{x)y 9{x)dx 

+ E "'^E / ( )iPNhL)'-'-{x)(^P^hL{x)y g{x)dx. (5.38) 

fc=l r=l 



Letl<r<2M-l, r <k < 2M. For sufficiently small a > 0, 

iPNhL)'''ix){P^hLnx)g{x)dx 

< 1 1 -Pat /iL 1 1 ^fc WPMhlWlk (^j^gdx) 

k-r II p± J, ^ ||r-(T II p±j,, iio-Toii p±j,, iio-(l--ro) 

-so 



< c(^)l|p./^.ll^;[,,,.)l|p^/^.ll2V«^ ((1 - + '-^WPhh.wl. 

< am + Rr^~' {u{n + ir-^py^'-^^^ (i + \\pi^h,\\ii\,^^,^^ + np^/^^n^,) (5.39) 
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Thus we obtain 

V{hL) - V{PNhL) 

A /I , D\2Afj, \ II D-Li. I, 



> (a2M - C(L)(1 + Rf^'h^) WP^hLWl^Mu „d.) - + Rf^'b^il + ||Pi^/iL||^i). 



(5.40) 

where 67V = w(iV + i){2-so){i-ro)'T_ jjence 

\\\PNhL\\]ji + V{hL) - V{PNhL) 

> Q - C{L){1 + Rf 'bN^ WPMhiWli + {a2M - C(L)(1 + Rf"'hM) ||P,^/iL|li^M(,,,rf,) 
-C{L){l + Rf^'hN. (5.41) 
Let 0((5) = \rd{U{h) \ mini<j<2 \\h — > 5}. Clearly 9{5) > 0. We have 

U{h) = eU{h) + {l- e)U{h) 

> eeouzih) + (1 - efU{hL) - e^C{P)\\g\\Li 

> eeouzih) + (1 - efUiPNhL) + (1 - efe9{6) - C(L)(1 + Rf^'br, - e^C{P)\\g\\Li 
+(1 - ef (min Q, o^m) - C(L)(1 + i?)^^^^^) (II^t^/^lII^i + 1 1 ^'i^ 1 1 i^M 

for any h £ Wr^n,l,s n i?i(]R). (5.42) 
Thus, for fixed 5 > 0, take e sufficiently small so that 

(1 - efeei6) - e''CiP)\\g\\Li > (1 - e)V0(5). (5.43) 
Next, take L large enough as in Lemma 15.121 and finally, taking N sufficiently large, we get 

Uih) > eeouzih) + (1 - e)3[/(P^/ii) + ^(1 - e)h^e{5) for h G Wr,n,l,s n H\R). (5.44) 



Let us consider a set ^VL s- '^^^ closure is taken with respect to the topology of || \\w- It is 
equal to the union of 

ju; I \\Pnwl\\ ^1/2 > -R| , {w \ \\P^wl\\h-^(i) > R}, {w \ min \\Pnwl - /ii|bi(M) < S}. 

(5.45) 

For a closed subset F in in the topology which is defined by the norm || let dw{w, F) = 
mi{\\w — r]\\w I rj G F}. Then dw{iJJ,F) = is equivalent to w £ F and w 1— )■ dvy(«^)-^) is a 
Lipschitz continuous function whose Lipschitz constant is less than or equal to 1. Let 



ip{w) — 



dw{w, Wr/2,n,L,25) + dw{w, W^^^Ar^i,^) 

Define 

UR,£,N,L,si'w) 

= (eeomin {uz{w),2R^) + {1 - e)^UiPNWL)) i^^w) + mm {eoUzH,'^R^) {'^--^H). 

(5.46) 
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Note that L is a large positive number which depends on e, 5 and is a large positive natural 
number which depends on e, 5, L, R. From now on, we set 

S < -^mindl/iilliy, , R > 8max(||/ii||iy, • 

o 

Also we take N sufficiently large so that 

\\PN{hiXL) - /iillHi(R) < V4. (5.47) 

Since w{g W) i— )• Pnwl £ H^i^) is a continuous map and hi G H^, for sufficiently small e' , we 
have 

WPNWL-hiWui <6/2 lor w £ Be' (hi), UPatwl - /i2||//i < 5/2 for G ^^/(/la). (5.48) 

Hence uii^e,N,L,&{w) = £oUz{w) in a neighborhood of hi, /i2 in the topology of W . Also it is easy 
to see 

inf {dw{w, Wri2,n,l,2s) + dw{w, W^^j^^^^^)^ > 0. 
Hence UR^e,N,L,s G ^jj ■ Also we note that 

UR,e,N,L,6{'w) = UR^e,N,L,s{-'w) for ah w £ W . (5.49) 

We prove 

sup {hiM) = di\hrM)- (5.50) 

For simplicity, we denote UR^N,L,e,s by u. Take a path c on such that c(0) G Be'^hi), 
c(l) G Be'{h2) and {c{t) - c(0) | < t < 1} G AC{L'^{R)), where e' is the positive number 
in (I5.48p . We give lower bound estimates for the length of c. First we consider the case 
where supo<t<i ||c(t)||i4/ > R- Since ||c(0)||vy < e' + ||^i||vK < e' + R/8, there exist times 
< si < S2 < 1 such that ||c(si)||vk = R/2, R/2 < mfsj^<t<s2 \\c{t)\\w < sups^<t<52 l|c(OI|vF < R 
and ||c(s2)||vF = R- By the definition of u, we have for si < t < S2, 



u(c(t)) > eeouzm) > eeo ( l|c(t)ll»' - I") > (\m\\w - 1!^^^) > ^^\\c(t)\\^. 



Noting C||t(;||vy < ||w||l2, we get 

/ ^/u{c{t))\\c'{t)\\L2dt > — / ||c(t)||w'||c'(t)||H'dt 

Jo Jsi 



> -YV^{\\4s2)\\w-Hsi)\\w) 
3C 



32 V e^oi?'. (5.51) 
Next, we consider the case where supo<«x ||c(t)||vK < R. Let 

h = sup {t \ \\PN{c{t)L) -hi\\Hi(R) < 26} (5.52) 

t2 = inf {t I \\PNicit)L) - h2\\m{R) < 2<5} . (5.53) 

Then < ti < ^2 < 1. There are three cases where 
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(a) c{t) G Wr/2,n,l,25 for all ii < i < i2, 

(b) there exists a minimum time ti < U < t2 such that ||PAr(c(t*))L|| 



R/2 and 



supti<t<t. ||Pj^(c(t)L)||^-2(^) < R/2, 
(c) there exists a time ti < < t2 such that ||-Fjv(^(**)i)lli?-2(7) = and 

SUPti<t<t. \\PNicit)L)\\jjl/2^j^ < R/2 

We consider the case (a). We have 

^ti 



t2 



> / V(l-eP?^(^'iv(c(i)L))||c'(i)||i2di 
ft2 



> 



(1 - £)=^/2 / ' Vu{PMMl))\\ (Piv(c(t)L))' lU^dt. (5.54) 



Now we define a curve c by 

c(i) 



PN{c{t)L) h<t<t2 
[ ^,PN{c{t2)L) + fE|^2 t2<t<l. 



Then c G ACh^^hAH^i^))- Let 7(,5) = sup{C/(/i) | mini=i,2 \\h - < 6}. Then 



> {l-ef/^di'ihi,h2)-^-VWS) 



(5.55) 



Next, we consider the case (b). In this case, there exist times ti < < < t2 such that 



Pn{c{s.)l)\\^i/2^j^ = R/4 and ||P^(c(t)i)||^^ 



> R/A for s* < t < t*. Since F is a 



function bounded from below, by taking R sufficiently large, i7(Pjv(c(t)L)) > |?7o (-Pat (c(t)L)) 
for <t < U, where Uo{h) = jH^H^i^j-)- Since tp{c{t)) = 1 for s* < i < t*. 



> 



> 



/'■ 




(1- 


- £)3/2 




2 


(1- 


- £)3/2 




4 


(1- 


- e)3/2 



r VUo{PN{c{t)L)\\PN{c{t)Ly\\L^dt 

^**^{(^iv(c(i)L),Piv(c(t)L))^i/2(,)}a!i 



|PiV (ciQL) - IIPaT (C(5*)i) 11^1/,^^^ 



3(1 - ef/^R^ 



64 



(5.56) 
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We consider the case (c). Using the estimate ||^||//-2(/') < rri ^/^||/i||^i/2^^^, 
if \\Pn{c{U)l)\\jj-2^j-^ > R/3, then \\Pn{c{U)l)\\ ^1/2 ^^.^ > m^/^i?/3. Hence we can argue 
similarly to (b). So we assume \\PNic{t^)L)\\fj-2(j\ < R/3. By the continuity of the map 



w{£ W) H> xlw e ^(/), there exists C'{L) > such that 



\\c{U)\\w > C'(L)||c(t,)xL|lH-2(,) > C'iL) (||P^(c(t.)L)||^-2(,) - \\Pn{c{Ql)\\h-^^i)] 

> C'{L)R/6. (5.57) 

Again, there exist times < 5=,, < such that ||c(s*)||vi/ = C'{L)R/7 and infs^<t<t_^ ^ 
C {L)R/7. Now we take R sufficiently large so that < ^i^^ ■ Then we have 



uz{c{t)) > ^\\c{t)\\w - -^^) > [Mmw - ^\\c{t)\\wj = jimWiv for s,<t< U. 

(5.58) 

By the assumption supo<j<i ||c(t)||iy < R, u{c{t)) > eeoUz{c{t)) holds for all t. As before, we 
get 



^M4tT)\\c'it)\\L2dt > ^ I \\c{t)\\w\\c'mwdt 



2 



> 



4 

13 



{\Hu)fw-Ms.)fw) 



„ '-^C'{LfR\ (5.59) 
4 -36 •49V 2 ^ ^ 

By the estimates (|5.5ip . (|5.55p . (|5.56p . (|5.59p . we are going to finish the proof. First, we take 6 
and e sufficiently small taking the estimates (I5.43P and (I5.55P into account. For these e, 5, we 
choose L in Lemma 15.121 (j5.34p . Next, we take R sufficiently large so that the lower bounds 
in (15.5ip . (j5.56p . (I5.59P are large. After that, we choose large for which (15.44p and (15. 471) 
hold. Finally, by taking e' sufficiently small in ()5.48p . all the above estimates prove the desired 
result. □ 



6 Example 

We present an example which satisfies assumptions (Al), (A2), (A3). Let P{x) = p{x'^) where 
p{x) = {x - l)2^^^o and Mq is a natural number. Let us take two positive numbers a, R. Let 
qr be a smooth non-negative function with supp qr C [—R,R\ and ||(7r||oo < 1- We consider a 
potential function 

Va,R{h) = a P{h{x))gR{x)dx. 
Recall that our potential function for the corresponding classical motion is 

Ua,RW = 7 I h'{xfdx+'^ [ h{xfdx + Va,R{h). 

We have 
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Proposition 6.1. For large a, there exist two minimizers {ho,— ho} of Ua,R- Here /iq is a 
strictly positive function. Moreover the Hessians ofUa,R are strictly positive at =b/io- 

By this proposition, for large a, the polynomial function 

„ / s „ , N niin Ua R .X 

Paix) = aP{x) - (6.1) 

Jr 9R[.x)dx 

satisfies assumptions (Al), (A2), (A3). 

Proof of Proposition 16.11 The proof of this proposition is essentially similar to the proof of 
Theorem 7.2 in |6j. We give the proof for the sake of completeness. By Lemma 13.31 and a 
standard argument, we see that Ua,R has a minimizer /iq. Since ?7a,R(|^o|) < Ua,R{ho)., we may 
assume that /iq is non-negative. We show /iq ^ 0. To this end, let ipR be a piecewise linear 
function with iPr{x) = 1 for —R < x < R and iPr{x) = for |x| < R + 1. Then for large a, 

Ua,R{^R) < Ua,RiO) 

which implies ho ^ 0. For simplicity, we denote aP{x) by P{x) and gR{x) by g{x). Since ho 
satisfies the Euler-Lagrange equation, 

(m2-A)/io(a;) + 2P'(/io(x))c/(x) = 0, x G M, (6.2) 

we see that ho G C^(R). Also ho{x) > for all x by the maximum principle. Thus, the set 
of minimizers consists of two functions ho,— ho at least. We need to prove that there are no 
minimizers other than {ho, — ho}. Let 

q(^) = '^^M. = 4p'{x^). 

X 

Then ho is the ground state of the Schrodinger operator -H^^ = —A + m'^ + q{ho{x)))g{x) with 
the simple lowest eigenvalue 0. Also since the essential spectrum of -Hh^ is included in [m^, oo), 

mi{a{-Hh,)\m>0 (6.3) 

holds. We write Uo{h) = I h' {x)'^ dx + ^ f^h{xfdx and V{h) = J^P{h{x))g{x)dx. Using 
the derivative V in L^(M), we obtain 



Uih) - Uiho) 



:^V^U{ho){h-ho,h-ho) 

+ U{h) - Uiho) - VU{ho){h - ho) - ]^V''U{ho){h -ho,h- ho) 
: ]^V^Uo{ho){h -ho,h- ho) + ]^V^V{ho){h -ho,h- ho) 
+ V{h) - V{ho) - VV{ho){h - ho) - ^V^V{ho)ih -ho,h- ho). (6.4) 
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lv^Uo{ho){h-ho,h-ho) + l I q{ho{x)){h{x) - ho{x))^gix)dx 



Thus 

U{h) - U{ho 

+ V{h) - V{ho) - [ P'{ho{x)){h{x) - ho{x))g{x)dx 

-7 / q{ho{x)){h{x) - ho{x)fg{x)dx. 
4 Jr 

= i-Hhoih - ho), {h - ho))^2 

+ [ {p{h{xf)-p{ho(,xf)-p'{ho{xfmxf-ho{xf))g{x)dx 
= (.-Hhoih - ho), {h - ho))j^2 

+ (^1' P"iho{x)^ + r{h{x)^ - ho{x)^))dT^ de^ {h{x)^ - ho{x)^)^g{x)dx. 

Combining the formula above and (16. 3p . we see that the minimizers of U are {ib/io} only. Finally, 
we prove that the bottom of the spectrum ol m? — A+2P" {ho{x))g{x) in L^(]R) is strictly positive. 
Noting 

2P"{ho{x))g{x) = q{ho{x))g{x) + 8ho{x)Y {ho{x)^)g{x), 
()6.3p and the fact that Hq is the ground state of —Hh^, we obtain 

inf 0- (m^ - A + 2P" {hoix))g{x)) > 
which completes the proof. □ 

7 Appendix 

7.1 Proof of Lemma 13.51 Lemma 13.61 Lemma 13.71 

We prove Lemma [331 Lemma 13.61 and Lemma l3.7i Some parts of the proofs are similar to that 
of Lemma 2.8 in [4J. 

Proof of Lemma \3.5[ Let a > and a > 1. Then we have the following estimate: 

2 

~ a - 1 V ; ^ ' 

Therefore by the functional calculus, we have an estimate on the integral kernel, 

, , e-c\^-y\ 
0<A-Hx,y)<C (7.2) 

V F - y\ 

By this estimate, if f is a non-negative function with compact support, then 

, _ ,\ f p-C\x-z\ -C\z-y\ 

(A-Hl,A-')ix,y) < C\\v\\oo ^ . ^==dz 



supp 



< Ce-^(N+M)(^i + iog(^_l_vl^^. (7.3) 
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This implies the Hilbert-Schmidt property of A ^M^A ^. Other statements are clear. We prove 
(2). Let Sn be the bounded linear operator on L^(M) such that {Sn^){x) = f^pn{x — y)ip{y)dy, 

1 /2 / 2 \ 

where = (^) exp i-^) ■ Also recah that we denote by w„(x) = s{R){Pn{x--),w)s(Ry 

for w G 5(M)'. Clearly, fnix) = for any if £ L'^(R). Let S'„ = ^> o S'„ o We also 

have Snh{x) = Snh{x) and lim„_^oo Sn = I strongly. We approximate by SnKySn- By the 
definition, we obtain 

'I i\/r A— I d \ — 1 



SnK^Snh = <l>I^SnA-'M,A-'Sn)1>-'h. (7.4) 

Using the commutativity of Sn and A and the fact that SnMy is a Hilbert-Schmidt operator, 
we can conclude that SnK^Sn is a trace class operator. Also we have 



{SnK,Snh,h)H = [ASnA-'M,Snh,Ah 

SnMySnh,h 

Snh{x)'^v{x)dx 
^2 



L2 



L2 

\2„ 



hn{x) v{x)dx. (7.5) 

By the continuity /i(e ff) i— )• /jg hn{x)'^v{x)dx in the topology of W and the trace class property 
of SnKySn, we obtain that 

: {SnKySnW,w) := / t(j„(x)^t;(x)(ix - tr(S'„ir„S'„). (7.6) 
Jr 

Since {SnKySnW,w) :] = 0, we have ti{SnKySn) = J^v{x)dx, where = i?^[w„(a;)^]. 

Letting n — )• oo, we complete the proof of the statement (2). □ 

Proof of Lemma lS.Gi (1) follows from the definition of K^. We prove (2) (i). Let pj:'"^ = 
^-t{m +4d-A)^ gy ^YiQ functional calculus, we have 

9 poo p p(^) 

Ai-A^ = 4= / * dt 







^3/2 



V^i^W^^^V^l + (7.7) 



Here Ii{x,y) are the kernel functions. By the Feynman-Kac formula, 

\Pt(x,y) - Pf^^\x,y)\ 4 / o „ (2;-y)^\ ^ ^ 

' ^ ^3/2 ^ -expf-m^t + 4||t;||oot- ^ j J{t,x,y), (7.8) 

where 

J(t,x,y) = -E;[max |t;(x + \/2fi(s))| \V2B{t)=y] (7.9) 

0<s<t 
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and B{t) is the 1-dimensional standard Brownian motion starting at 0. We give an estimate for 
J{t,x,y). Suppose that the support of v is included in [—L,L]. Let r = min{|x|, \y\}. We have 



J{t,x,y) < \\v\\^P max \B{s)\ > \ B{t) = < C||r;||^exp -C ^ 
\o<s<t 2v2 / \ t 

forx,y>2L or x,y < -2L. (7.10) 

Noting 

^1 exp(-V) ^^ < C (l + log(max(i 1))) exp , (7.11) 

we obtain 

hix, y) <C{L) {\log{x^ + y^)\ + l)e^p{-C{x^ + y^)) forx,y>2L or x,y < -2L. 

(7.12) 

We have similar estimates for other cases. Consequently, J^2 Ii{x,y)'^dxdy < oo. Next, we show 
I2 £ L^- By (j7.10p . we get an estimate for the Hilbert-Schmidt norm 



Pt^ - Pth^^^iLym) < cJtV^ + ALH^v\\l,e'\\^\\-'-^'K (7.13) 



t --f^t||L(2)(L2(R)) 

By using the method in page 3349, 3350 in [4], we obtain the following estimate: There exists a 
positive number C(n) which depends only on the natural number n such that 

ll^i? - ^nt||L(,)(L2(M)) < C(n)e-'="*||P/'') - Pt||L(,)(L2(M)), (7.14) 

where c = min (inf (T(m^ — A + 4f ), m^) > 0. Thus we get /2 G -^^^ • We prove (ii). Since ^^ — A^ 
is unitarily equivalent to — A^, it suffices to prove inf a(Ty) > —1. Let h £ L)(A). Then 
A-^h G D(^) = D(A) and 

inh,h)j, = {A~'AlA~'h,h)^ - \\h\\l > (ini a{A-'AlA-') - l) 

Since there exists C > such that {Alh,h)H > C{A^h,h)H for any h G 0(^4^), we get 
ml (j{A~^ A^A~^) > which implies (ii). We prove (iii). Let Sn be the mollifier operator in 
the proof of Lemma [331 Note that Sn and A commute. Let Ty^n = SnTySn- Let us define 



: {Ty^nW,w)H ■■ 



(7.15) 



Qy^n = det (2)(/ + Ty^n)^/^ exp 
By a simple calculation, we obtain 

(7.16) 

Note that 0(^2) ^ Y}{A^)^ T){Al) = 0(^4) 

Al{\){A^)) C H, Al{X}{A^)) C D(A2). (7.17) 
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By the definition of T^, we liave 

+ AT^A = (^^ + ^AK^Af''^{= Al). (7.18) 
Hence {A%A){D{A'^)) C B{A^) and {A%A){r)(A^)) C H. Therefore for any h G D(yl'^), 

A^T^Ah + ATyA^h + {ATyA){ATyA)h = AAK^Ah G H. (7.19) 
Hence for any h € D(^^), 

A^Tyh + r^^2/^ + TyA^Tyh = AKyh G D(A). (7.20) 

This implies 

^ (2~u,ri^ + A Tv,n ~\~ Ty^n^ 2~^,n) = SnKySn + — S',^T^j4 {S2n ~ I)TySn- C^-^l) 

By combining this with (|7.16p , 
(-La+ : {KyW,w) ■.)Qv,n 

= (: {{Ky - SnKySn)w,w) : + : {Ry^nW,w) :) fl^^n - ^||5'„(A2 - Al)A~'^Sn\\'i^^^(H)^v,n, 

(7.22) 

where Rv,n = \SnTv{I — S2n)A^TySn- Letting n — )■ oo, we see that Vly is a positive eigenfunction 
of —La+ '■ {KyW,w) : with the eigenvalue — i||(A^ — yl^)A~-^ which implies (2). (3) can 
be proved by a linear transformation formula of Gaussian measures. □ 

To prove Lemma 13.7^ we need the following lemma. 

Lemma 7.1. Let A be a strictly positive self-adjoint operator and K be a Hilbert- Schmidt self- 
adjoint operator on H. Assume that A- K is also a strictly positive operator. Then D((^^ + 
i^)i/2) = D(^2)^ Moreover {A'^ + Ky/^ - A^ is a Hilbert- Schmidt operator and 



Proof. We can prove this result using the Lowner's theorem: For any strictly positive self-adjoint 
operator T, it holds that 

1 f °° 

ri/V = -/ u-^/^T{T + uy^^du. (7.23) 
71" Jo 

Let Ti and T2 be strictly positive self-adjoint operators such that Ti — r2 is a bounded linear 
operator. Applying the above representation, we get 



1 r°° 1 1 r°° 1 

= - / ^(Ti - T2){T, + u)-'du + - / ^ri(Ti + u)-\T2 - Ti){T2 + u)-'du. 
Jo Vu vr ^0 Vu 

This shows T>{^/Tl) = D{\/T2)- Applying this and the identity above to the case where Ti = 
-\- K and A^, we get the desired result. □ 

Proof of Lemma^ (1) Note that Al j - A^ = Al j -Al+Al- A. By LemmaEB j - Al 
is a Hilbert-Schmidt operator. Since A^ — is also a Hilbert-Schmidt operator, A^ j — A? is 
a Hilbert-Schmidt operator. The proof of (2) and (3) are similar to that of Lemma 13.61 So we 
omit the proof. □ 
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7.2 Properties of Agmon distance 

In Section 2, we defined the length of a curve and the Agmon distance on i/^(IR). However the 
distance can be extended to a distance on H^^'^{M.). In this subsection, we define the length 
and the energy of a curve on 

ijV2(iR) which is an extension of the previous one. Through out 
this subsection, we assume that U satisfies (Al) and (A2). Of course we include the case where 
Z = 9. We consider the case where the space is M. However, all statements together with those 
in next subsection hold true for the finite interval cases by similar arguments. 

Definition 7.2. (1) Let h,k e H^/'^ . Let U be a non-negative potential function as in (12. 9p . 

Let VT,h,k,u be all continuous paths c = c{t) {0 < t < T) on H^^"^ such that c(0) = h, c{T) = k 
and 

(i) cGACT,h,kiLHm, 

(ii) c{t) e for \\c'{t)\\dt -a.e. t G [0, T] and 



^/U{c{t))\\(J{t)\\L2dt<^. 



(7.24) 



We define the length iu{c) of c ^ T^T,h,k,u by the integral value of (|7.24p . Also we define the 
energy of c by 



eu[c) 



uicmwmi^dt. 



(7.25) 



(2) Let < T < oo. We define the Agmon distance between h,k G H^^'^{M.) by 



dff{h,k) = m{{^u{c)\ceVT,h.k,u}- (726) 

We may omit writing T, [/, /i, k in the notations 'PT,h,k,U^^U-,^U if there are no confusion. 
By using natural reparametrization of path, we see that the definition of d^^ does not depend 
on T. Uh,k€ H^{R), ACT,h,k{^^W) ^ 'PT,h,k,u holds. When h,k ^ H^, it is not obvious but 
elementary to see VT,h,k,u is not empty. Let ^(M) be the set of functions u = u{t,x) {t G 
(0, T),x G M) in i7^-Sobolev space on (0, T) x M and n(0, •) = h, u(T, ■) = k in the sense of trace. 

satisfies ()7.24p . we consider a functional 



Then H^^f^ ,^{R) C VT,h,k- To check u G H^ f^ ^^ 



It,p{u) 




{t,x) 



dtdx 



(0,T)xI 



u{t,x) + P{u{t,x))g{x) ] dtdx 



(7.27) 



By Sobolev's theorem, It,p{u) < oo for any u G i/^((0,T) x M). Since 



f ^/U{Mt))\\dtu{t)\\L2dt < [ U{u{t))dt + \ I \\dtu{t)\\l,dt = Lt,p{^ 

JO 4 JO 



(7.28) 



the boundedness (|7.24p holds. Let h,k £ and take c G ACT,h,k{H^ 0^)) ■ It is evident that the 
definition of the length iuic) above coincides with the previous one in Definition 12. 4i Actually 
the distance above on coincides with the previous one in Definition 12.41 
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Lemma 7.3. For any h,k £ -H'^(M), 

d^^h,k) =d^^{h,k). (7.29) 

Proof. Let T = 1. We need only to prove dff{h,k) < d^^{h,k). To this end, take c G Vi^h,k- 
Let Ce = Ce{t,x) = Pec{t), where Pe = e^^-. Then G AC(iJ^(M)) and Ce{0) = Peh and 
Ce{l) = Pek. We have 

Urn U{ce{t)) = U{c{t)) for t such that c(t) G , (7.30) 

£-!>0 

hm||c;(t)||i2 = ||c'(t)||i2 a.e.iG[0,l]. (7.31) 

The convergence (j7.30p is a consequence of strong continuity of Pe in H^{M.) and L^(M). The 
convergence (j7.3ip follows from the fact that c^(t) = Ps{c'{t)) holds at the differentiable point 
t of c = c{t). By the contraction property of P^ on //^(M), H^/'^{R) and sup^ ||c(t)||_ff < oo, we 
have U{ce{t)) < U{c{t)) + C. Thus for any < e < 1 

Vu(Mt))\\c'M\L^ < {Vum) + C) \\c'{t)U. (7.32) 

Note that the function on the right-hand side of ()7.32p is integrable on [0,1]. Let 5 > 0. 
Noting P^h and Pek converge to h and k in respectively and using the path and the line 
segments connecting h and Peh, k and Pek, we can construct a path Ce G ACh,k{H^(M.)) such 
that (-uipe) < ^c/(c) + 5 which completes the proof. □ 

Remark 7.4. In Definition \7.2\ we assume c satisfies Jq \\c' {t)\\]^2dt < oo. However, for curves 
which pass through the zero points of U, it may be natural to consider the case where the 
length of the curves themselves are infinite near zero points. In view of this observation, we 
introduce a larger set of paths Vl^^ ^ ^ which includes 'PT,h,k,u- ^6 say that a continuous path 
c on H^^"^ starting at h and ending at k belongs to Vifj^ kU '^f ^'^^ ^'^^y following two 

conditions hold: 

(i) there exist a finitely many times = to < ■ ■ ■ < tn = T such that for any closed interval 
I C (tj,tj+i) (0 < i < n — 1), the restricted path c\j is an absolutely continuous path. 

(ii) The same condition as in Definition YI .2\ (ii) holds. 

Clearly, if Jj \\c' {t)\\j^2dt = oo for some interval I including ti, then the finiteness of i{c) implies 
that there exists a sequence of times s„ — )• ti such that [/(c(s„)) — )• and this implies c{ti) G Z. 

By this observation, the value of Agmon distance d^^ does not change even if including all paths 
in Viff^ ku '^''^ definition of the distance by a simple argument. However, probably, minimal 
geodesies in H^^"^ belong to VT,h,k,u- 

The same as finite dimensional cases, it is useful to consider the reparametrization of path 
by the length. 

Lemma 7.5. Let c G T^J")^ ^ jj. 
(1) It holds that i{c) < ^/e{c). 
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(2) Let c G jj and assume that Jz = {t ^ [0, T] \ c{t) S Z} is a finite set. Let 



r{t) = ^ VuW})\\c'mL^dt (0 < t < 1). 

Then there exists c* G 'Pi'h k u -^^c/i that c*(r(t)) = c{t) {0 < t < 1). Moreover, £{c) = ^(c*) and 

^/U{^i))\\c',it)\\L2 = i{c,) = < a.e. t G [0, 1]. (7.33) 

Proof. The estimate (1) follows from the Schwarz inequality. We prove (2). Let a{t) = 
inf{s I t{s) > t} and set c^{t) := c{a{t)). Then c=k is a continuous curve on H and c*(T(t)) = c{t). 
These follow from that T{ti) = T{t2) [ti < ^2) is equivalent to c'{s) = for a.e. ti < t < ^2- 
Moreover the image measure of the Lebesgue measure by a is given by a^dt = T'{t)dt. So a^dt 
is absolutely continuous to ||c'(t)||j;^2(it. Let Jz = {ti < • • • < tn}- Then {t \ U (c*(t)) = 0} = 
{r(ii), . . . , T{tn)}. Let r(ti) < s < t < r(tj+i). By using a change of variable formula, we obtain 

c, (t) -c.{s) = -e{c) f ^^M) du, (7.34) 
where v{t) = p^^j-j 1^/(4)^0 ■ This implies £ 'Pi%k,u 



VC/(c,(t))||<(t)||i2 = ^(c) = vMcJ = ^(c) a.e. t G [0, 1]. 



In this subsection, we prove the following properties of Agmon distance. 



□ 



Theorem 7.6. (1) The function d^^ is a distance function on H . Moreover the topology defined 
by d^^ on H is the same as the one defined by the Sobolev norm of H^^"^ . 

(2) Let us consider the case where U{h) = Uo{h) = j\\Ah\\'jj. Ln this case, we have (i^^(0, /i) = 
l\\h\\l. 

Theorem 7.7. Assume Z consists of two points {h,k}. There exists a curve Ci, G "P'^/J ^ such 

that £{c^) = d^^{h, k). This has the following properties. 

(1) c^{t) ^ZforO<t<l. 

(2) = Ci,{t,x) is a function of {t,x) G (0,1) x M and c^, G H^{e,l — e) x M) for all 
< e < 1. 

(3) /o \Kml2dt = fl^ Kmhdt = +00 for any e > 0. 



We prepare a lemma for the proof of Theorem 17.61 

Lemma 7.8. Let St = e"*^™""^ be the Cauchy semigroup on L2(M). Let T > 0. For h,k G 

H^/'^, define a function f = f{t, x) (0 < t < T, x G M) by 

fit) = ST-t{I - S2T)-\k - Srh) + St{L - S2T)-\h - Srk). (7.35) 
Then the following hold. 
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(1) We have liuit^Q \\f{t) — h\\fji/2 = lim(_^i — k\\fji/2 = 0. Let Ixfl be the functional in 
the case where P = 0. Then it holds that 

ItM = ^{2 ( (a - S2t)-^ - (/ + St)-^) {h-k),h-k)^ + ((/ - St){I + Srr'h, h) ^ 
+ {{I-ST){I + ST)-^k,k)^y (7.36) 

In particular, f G i/^^^(]R). 

(2) It holds that sup' i|/(t)||jyi/2 < 3 (||/i||j;^i/2 + 11^11^1/2) and f{t) e if"(R) for all 0< t < T 

0<t<T 

and n G N. 

(3) Let < e < 1 and fix h ^ H . Then there exists < (5(e) < 1 such that for any k £ H with 
\\h — k\\H < <5(e), {h^ k) < e holds. 

(4) If\\mn^ooU{hn) = 0, then lim„^oo min {||/i„ - hW^i \h£ Z} 

(5) Lethe H. //lim 

n—i-oo djj^ ihm h) — 0, then l\in.n—>-oo \\hn ~ h\\]^2 — holds. 

(6) Let Uo{h) = jWAhWjj. Then for any h,ke H, 

d^lih, k)>\ {max(||/.||2,, \\k\\l) - ^H\\h\\l, \\k\\l)} . (7.37) 

(7) Assume Z = {/i, A;} is a two point set. Let c £ Vi^h,k,u- Let 

5(e) =inf{c/(<^) I mm{\\^-h\\L2,\\ip-k\\L2}>e/2Y (7.38) 

Let £ < ^^^^^ . Then for any t such that 

max {t, 1-t} < f ^^f , , (7.39) 
4ec/(c) 



it holds that 



max{\\h - c{t)\\L2, \\k - c(l - t)||i2} < e. (7.40) 



Remark 7.9. Since the function f in (|7.35p depends on T, we denote it by f'^. We note that 
in (I7.35P is the unique minimizer of the functional It,o on ^(M) since f^ satisfies 

m^f^it, x)-(^^ + ^ f^{t, x) = {t, x) G (0, T) x M, 
/^(O, x) = h{x), f^{T, x) = k{x) X G E. 

Also it is easy to show that if h ^ 0,h ^ k and h — k is small enough, then 

(i) dr (/r,o(/^)) > for large T, 

(ii) limT_>o ^T,o(/^) = +00. 

Hence there exists > such that /r*,o(/"^*) = minT -^r,o(/"^)- We could obtain the geodesic 
between h and k under the Agmon distance dff^ by the reparametrization of f^* . Of course, this 
kind of calculation is related with the another representation of the Agmon distance which is 
given by Carmona and Simon [12j. 
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Proof. (1) Because St is a Co-contraction semigroup on if^/^, we have limt_^o Wfit) — ^ll_ffi/2 = 
and limt^T Wfit) — k\\jji/2 = 0. Note that 



dtfit) 



Vm^-Af{t,-) 
Hence 

4/t,o(/) 



A*52t(/ - S2T)-\h - Srk), (h - Srh)] dt 



\/m2- A (5T-t(I - SirTHk - Srh) - St{I - S2T)-\h - Srk)) 
Vm^-A {ST-t{I - S2Ty\k - Srh) + St{I - S2Tr\h - STk)) 



2^ (i^52{T-t)(/ - S2T)-\k - Srh), {k - Sxh))^^ dt 

= {(I-S2Tr^{k-STh),(k-STK))^ 

+ ((/ - S2T)"'(/i - Srk), h - Srk)^ 
= 2 {{I- S2Tr\h -k),h-k)^ + ((/ - St){I + Sry'h, h) ^ 

+ ((/ - St){I + Srr^k, k)^-2{{I + ST)-\h -k),h-k)^ (7.41) 

These imply / G H].^^^^{M.). 

(2) We rewrite ([tJH])' 

f{t) = {ST-t-St){I-S2Ty\k-h) + ST^t{I + ST)-^h + St{I + ST)-^k. (7.42) 

Since IKS'r.f — St){I — S2t)~^\\l{l'^ ,L'^) ^ 2, we obtain the desired result. It is obvious that 
f{t) G ff"(]R) for all n G N because the image of by St [t > 0) belongs to i?". 

(3) It suffices to consider k such that \\k\\H < ||/i||/f + l. We estimate the distance using the 
upper bound by lT,p{f) and the function / in (|7.35p choosing T appropriately small. First, 
we consider the nonlinear term containing P. Since 5 is a continuous function with compact 
support, using the estimate in Lemma [7^ (2). we have 



(0,T)xI 



P{f{t,x))g{x)dtdx 



T ( 2M 

< / cji + ^\\fit)\\%, 

\ k=2 



dt 



dt 



H + 



Hence, by setting T < T{e,h) := 



{l + \\h\\H))-'''e/3,weget 



(0,T)xI 



P{f{t,x))g{x)dtdx 



<£. 
- 3 



(7.43) 



(7.44) 



Next, we estimate It,o(/)- Because h G H, there exists T G (0,1) such that T < T{e,h) and 
|((/ - 5r)(/ + ST)~^jh, h)H\ < e. By the identity ([7:36]) . we have 



ItM) < 



2(1 



-2Tm^ 



„2 1 1„ 

\h - kWfj + -e+ -\\h 
2 4 



\i. + -,\\h 



\H\\ri\\H- 



(7.45) 
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Therefore, taking — sufficiently small, we obtain Irfiif) < 2e/3. All the estimates above 
imply the desired result. 

(4) We have sup„ ||/in||_ffi < oo. Hence there exists a subsequence which converges weakly 
to some /i* G H^. By Lemma [3.181 lim^-^oo ^(^n{fc)) = V{h^:). On the other hand, Uo{h^) < 
liminf„_^oo C/o(/i„(;-)). Since U is non-negative, we have /i* G Z, linin-^^ \\hn\\Hi = ||/i*||_f/i 
and lim„_>oo ||/in||L2 = ||/i*||l2. Again by Lemma [3.181 if necessary, by taking a subsequence, 
hn{k){x) ~^ h^ix) a.e.x. These imply lim„_!.oo \\hn — = 0. 

(5) Let 6 > 0. There exist < 6i < 62 < S such that D n Z = where D = {k \ 61 < 
\\k — h\\i2 < 52}. By the result in (4), 83 := inf{f7(99) | ip G D} > 0. Let us choose k £ H such 
that A;||£,2 > 5 and c G T'i^k,h,u- Then there exist times < ri < r2 < 1 such that c{t) G D for 
ri<t<T2 and \\c{n) - h\\L2 =di, \\c{t2) - k^^ = 62. Hence l{c) > JJ^ y^U{^\\c'{t)\\L2dt > 
^/5s{62 — This completes the proof. 



(6) Let c G Vi^h,k,Uo- Then 



2 yg 



^/uom)\\c'{t)h2dt = - \\c{t)\\H4cmL^dt 

> \j\Ac{t),A-^d{t))^dt 







c(t),c'(t))^dt 

l-WHl) (7.46) 



which implies (|7.37p . The expression of the second and third equation on the right-hand side 
may be rough but the final estimate is true by an approximation argument. 
(7) We need only to prove — c(t)||^2 < e. If \\c{t) — h\\]^2 > e, then there exists < < < t 
such that ||c(s^,) — h\\i2 = e/2, infs^<s<(_^ ||c(s) — /i||^2 > e/2, infs_^<t<t^ ||c(s) — k\\]^2 > e and 
\\c{t^) — h\\i2 = £. We have 

rt, 

|2 ^„ ^ / x^.MI„/^„M|2 

2 



U{c{s))\\^{s)\\i2ds > / 6{e)\\c'{s)\\i2ds 



> 6{e)i^J \\c'{s)\yds 



(7.47) 



Hence, t > This implies the desired estimate. □ 

Proof of Theorem YI .Q\ First we prove dff^{h, /c) = is equivalent to h = k. Assume h = k. Let 
/ = f{t,x) be the function in (j7.35p . Then 

di'ih,h) < [[ P{f{t,x))g{x)dtdx 

J J{0,T)xR 

< \{{I-ST){I + ST)-^h,h)^+ II P{f{t,x))g{x)dtdx. (7.48) 

JJ{0,T)xR 
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By the same calculation as before, we have 



P{f{t,x))g{x)dtdx 

(0,T)xR 



< CgT {1 + \\h\\H + minf^' . (7.49) 



Letting T — )• 0, we get d^'{h, h) = 0. Next, we show d^^{h, k) > if h ^ k. Let Z' be the union 
of Z and h, k. For any e > 0, we have 



6{£) := inf |C/(99) | mm - 011^2 > e| > 0. (7.50) 

Let ro = min{||(^ — (/)\\i2 | 99, (/> G Z',(p / (p} and set e < |ro. Let c G VT,h,k- Since c = c(t) is a 
continuous curve on L^, there exist times < ti < T2 < T and distinct i/ji,tp2 G such that 

min \\c{t) - (p\\l2 > £ (n < t < r2), ||c(ti) - Vi||l2 = ||c(t2) - V2IIL2 = £• 



We have 



T2 /■T2 



VuW})\\c'it)\\L2dt > ||c'(t)||^2dt>y^||c(Ti)-c(r2)||i2> 

Tl Jti 



which implies d'^'{h, k) > 0. The relation d^^{h, k) = d^^{k, h) is trivial. We prove the triangle 
inequality d^^{h,l) < d^^{h,k) + d^^{k,l) for any h,k,l G H. Let ci G Vi^h,k and C2 G Vi^k.l- 
Define an path r/ = r]{t) by r/(t) = ci(t) (0 < i < 1), ??(t) = C2(t-1) (1 < i < 2). Then r/ G P2,h,«- 
Hence we have 

d^\h,i) < r VuW))\wmL^dt 







' y^Ui^)\\c[it)h2dt+ [' y^Ui^Mmi^dt (7.51) 
Jo 

which implies the triangle inequality. Let us fix /i G H. By Lemma 17.81 (3), it suffices to prove 
that if lim„_>oo 'i^^(^, /in) = 0, then lim„_!.oo ||/in — = 0. First consider the case h ^ Z. Then 
there exist c„ G 7^i,/i„,/i,c/ and 6 > such that U (c„(t)) > 6 for all f G [0, 1] and lim„_^oo ^(cn) = 0. 
This follows from Lemma ES] (4) and d^^(/i, /t) > for ah k e Z. Let inf;,gj^i y(/i) =: -R. We 
have C/(/i) + R> Uo{h) for all /i G i/^ Hence if C/(/i) > 6 > 0, then [/(/i) > 7j^C/o(/i). Using 
this, we have 

i{Cn) = f' VU{Cnm\c'n{t)\\L^dt 











> \\li^\\K{ml-\\cn{o)\\i\ 



1 



hnWl - WhWll . (7.52) 



4 V + 
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This and Lemma 17.81 (5) imply lim„_!>oo ||^n — = 0. Let us consider the case where h £ Z. 
Take such that liuin^oo dir^ {hn, h) = 0. Then Hm^^oo \\hn — ^||l2 = 0. Let us choose a 
sufficiently small positive number e. Then by the nondegeneracy of the second derivative of 
U at h, there exists a positive number 6{e) such that U{if) > (5(e) ||(/? — for any ip £ 

i?^(M) n {ip I \\ip — h\\i^2 < e}. We find a curve c„ G 'Pi^hn,h,u such that sup„ ^ ||c„(t) — h\\i^2 < e 
and i{cn) — )• as n — )• cxd. Thus, 



> riic„(t)-/i||^x||c;(t)ii^.dt 



> _ /i||2^ ^ asn^oo (7.53) 

which completes the proof. 

(2) Let St be the Cauchy semigroup as in Lemma I7.8[ Let c{t) = Sx-th- Then we have 
C^o(c(t)) = il|c'(t)||2 2.Therefore, 

f-T 1 

2 dt 



Since limr^oo ||'S'r^||_H' = 0, Huit^oo d^^iSxh, h) = d^^{0,h). Consequently, we get d^^{0,h) < 
j\\h\\'jf. Combining this estimate ■^"'^ 

Next we prove Theorem 17.71 



^'"■'ll^. Combining this estimate and (|7.37p . we obtain the desired result. □ 



Lemma 7.10. Under the same assumption as in Theorem \7.7\ there exists G 7^(°^ ^ such that 
c^(t) ^ Z for alio <t <1 and 

U{c.m\c^,{t)\\l2 = di'{h,kf = e{c.f = e{c^). a.e. t. (7.54) 

This lemma shows the existence of the minimizer which attains d^^{h^k) and the result 
of (1) in Theorem 17.71 We prove the other properties in Theorem 17.71 in the next subsection 
because they are related with instanton. 

Proof. Since h,k £ H^{M), by Lemma [731 there exist {cn}'^=i C ACi^h,k{H^{^)) such that 
^(cn)^ < dff{h,k)'^ + ^. We may assume that c„(t) ^ Z for < t < 1. By reparametrizing of 
the paths, we see that there exist {c„}^^ C "Pj"^ ^ such that c„(t) ^ Z, Cn is a continuous path 
in H^(R) and 



VU{cnm\Cnit)\y = Kcn) = < ^dff{h,k)^ + ^ a.e. t. (7.55) 

Also we may assume that 
(i) sup J|c„(t)||H < oo 
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(ii) Let Tn be the maximum time such that ||c(t„) — h\\jji < e and f„ be the minimum time 
such that ||c„(t) — k\\jji < e. Then there exists a constant Cj > such that 

max {Tn, l-fn}< Cie^ for ah n > 626-^. (7.56) 

The boundedness in (i) follows from the result that lim||^||j^_!.oo d^^{h, tp) = +00. This result can 
be shown by a similar argument in (|7.46p . We prove Tn = 0{e'^) for n > C2e~^. The proof for 
Tn is similar to it. Let us define a curve c„ = c„(t) by Cn{t) = h + ^ {cn{Tn) — /i) for < t < ^ 
and Cn{t) = CniXnit)) for ^ < t < 1, where 



Since e(c„) > e(c„) - we get 

Je(c„)r„ < - + — . (7.57) 
3 n Tn 

Hence we have 

1 / N 2 1 , 2Ce^ 

-e{Cn>Tn < - or -e{Cn)Tn < 

6 n 6 Tn 

which implies (ii). By (ii), for any 6 > 0, there exists a natural number N{6) and large positive 
number R{S) such that for any n > N(6) it holds that 

\\Cn{t)\\L2 < R{6) ioT 6 <t<l-6. 

Hence there exists a bounded measurable path c : [0, 1] H such that 

(i) If necessary, by taking a subsequence, c„(t) — )■ c(t) weakly in H for any t (7.58) 

(ii) c is a locally Lipschitz path on L^(M) such that 

||c'(t)||i2 < R{6) for almost every t£[6,l- 5]. (7.59) 

(iii) It holds that c{t) G H'^{R) for a.e. t £ S, where S = {t e [0, 1] | c'{t) / 0}. (7.60) 

We prove the above properties. The item (i) follows from the locally uniform Lipschitz continuity 
of Cn in and the uniform boundedness of c„ in H. We prove (ii) and (iii). Let < a < 6 < 1. 
Let 99 = ip{t) (0 < t < 1) be a path on L'^{R) with cplt) = for t G ia,by. Then 
lim„_>oo (c'„(t), <^(t))2,2 = {c^{t),(p{t))^2 dt. This implies c'„ converges to c' weakly in 
L'^({a,b) — )• L^(R),(it) for any a,b. Hence by reverse Fatou's lemma, we get 

/•b rb 

|c'(t)||^2dt < liminf / ||c^(t)||^2dt < / limsup ||4(t)||^2dt 

which implies (ii). Also we have limsup„_j.oc ||c'„(t)||j;^2 > ||c'(t)||i2 for almost every t G [0,1]. 
Therefore for almost every t £ S, limsup„_^oQ I|c^(^)IIl2 > holds. This and (|7.55p implies (iii). 
In view of (i) and Lemma 17.81 (7), we obtain 

lim \\c(t) - h\\L2 = lim \\c(t) - k\\L2 = 0. (7.61) 

t— s>l 
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We estimate U {c{t))\\c' {t)\\ ^2 . For any < a < 6 < 1, 

[ U{c{t))\\c'{t)\\l2dt < [ (liminfC/(c„(t))) (limsup||c'„(t)|||2(it) 



< 



h 



limsup (?7(c„(t))||c;(t)f ) dt = dfj\h, kf{h - a). (7.62) 



Thus we obtain ?7(c(t))||c'(t)||^2 < dff{h,kY for a.e.t € [0, 1]. We prove the fohowing: 

(iv) c = c{t) (0 < t < 1) is a continuous path on H. (7.63) 

(v) hmt_^o \\c{t) — h\\H = and Hm(__j.i \\c{t) — k\\H = 0. (7.64) 

(vi) c{t) i Z for all t e (0, 1) (7.65) 

Let 0<(5<s<t<l — (5<1. By an argument similar to (|7.46p . we have |||c(i)||^ — ||c(s)||^| < 
C((5)|t — s|. This and the continuity of c in implies (iv). We prove (v). It suffices to consider 
the case where t converges to 0. If /^^ ||c'(t)||2,2(it < oo, again by an similar argument to (|7.46p . 
we obtain the convergence limf_j.o ||c(t)||H = which implies the assertion. If it is not the 

case, there exists a decreasing sequence i such that U{c(tn)) — >• 0. By (j7.6ip . this implies 
lim„_>oo ||c(in) — ^IIj^i = 0. Noting d^^ {c{t) , c{s)) < dp'{h,h)\t — s\ for any < s < t < 1, we 
obtain 

du'iKcit)) < di'{h,c{tn))+di'^{c{tn),c{t)) < d^'^ {h, c{tn)) + d^^^ {h, k)\t - tn\ ■ (7.66) 

This shows limt^Qd^^{h,c{t)) = and we complete the proof of (v). Consequently, we have 
c G and by the definition of d^^ , U(c{t))\\c' {t)^^ = dff{h,kf a.e. t. We prove (vi). If 

there exists a time < t < 1 such that c{t) £ Z, we can construct a path belonging to V{°^ ^ 
whose length is smaller than that of c. This is a contradiction and we see that the above c is a 
desired path c^. □ 

7.3 Instanton 

In this subsection, we assume U satisfies the assumptions (Al), (A2) and Z consists of two points 
{h, k}. We do not assume (A3). So far, we consider paths on function spaces defined on the time 
interval [0, T]. However, it is convenient to consider paths defined on [— T, T] to discuss instanton. 
In this subsection, we denote by ^ ^,(M) the set of functions u = u{t, x) ((t, x) G {—T, T) x M) 
which belongs to i?i((-r,T) xR) with u{-T, ■) = h{-) and n(r, •) = k{-). Accordingly, we define 
It,p{u) for u £ -ffy^^(M) similarly. We note that the Agmon distance has another equivalent 
form which is due to Carmona and Simon ^12j in the case of finite dimensional Schrodinger 
operators. The functional It,p{u) is the action integral of the classical dynamics given by 

^{t,x) = 2{VU){u{t,x)) (7.67) 

which is obtained by changing the time t to the imaginary time —It in the Klein-Gordon 
equation ()2.8p . For u = u{t,x), we define 

WW = l/ \\dMt)\\l,t^^^dt+ U{u{t))dt. (7.68) 
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The Agmon distance {h^ k) is related with the minimizer of the action integral /oo,p with the 
condition u(— oo, •) = ^, u(+oo, •) = k. The minimizer is called an instanton. Simon [40] used a 
path integral approach in tunneling estimate in which the relation between the Agmon distance 
and the instanton is used. The equation ()7.67p reads 

x) + x) = m^u{t, x) + 2P'{u{t, x))g{x) (7.69) 

Let T > 0. We write 

liT) = inf {It,p{u) I u G i/^,,,fe(M)} . (7.70) 

Note that the critical point u of the functional It,p on i/^^^(R) satisfies the equation (j7.69p 
on (— T, T) X M. We prove the existence of an instanton and the action integral is equal to the 
Agmon distance between h and k. 

Theorem 7.11. There exists a solution Uj, = Ui,{t,x) {t,x) G IB? to the equation (|7.69p which 
satisfies the following properties. 

(1) It holds that u^|(_t,t)xR e H'^ {{-T,T) x M) n C°°{{-T,T) x M) for any T > and 

lT,p{^*\i-T,T)xR) = inf{lT,p{u) I U G F^^^^(_^)_^^(^)(R)}. 

(2) We have Ioo,p{Ui,) = dp'{h,k) and is a minimizer of the functional Ioo,P in the set of 
functions u satisfying the following conditions: 

(i) u\^~T,T)xR G HH{-T,T),R) for all T > 0, 

(ii) limt_^_oo \\uit) - h\\H = and limt^oo \\uit) - k\\H = 0. 

(3) limT^^l{T) = d^'{h,k). 
We need a lemma. 

Lemma 7.12. Let us consider the functional I (T) . 

(1) There exists a minimizer G H^f^ ^(M) such that Z{T) = It,p{u'^) 

(2) I is a strictly decreasing function ofT. 

Proof of Lemma \7 .12[ (1) This can be proved by a standard method and we omit the proof. 

(2) Let T' > T > and suppose X(T') = T[T). Let u"^ be a minimizer of the minimizing 
problem (I770]l . Let u^' be a function in i?j„ ,^^^(R) such that tt^'(t) = h {-V < t < -T), 

u^'it) = u^{t) (-T < t <T), u^'{t) = k {T < t < T'). Then u^' is a minimizer for (fTTFOD 
replacing T by T'. Let us define {t,x) = h{x) {t,x) G {—T',T') x M. Then both functions 
, Uq are solutions to ()7.69p on (— T', T') xM with u{—T', x) = h{x). The difference = — 
Uq is an eigenfunction of a Schrodinger operator satisfying the boundary condition {—T') = 
and v'^ (T') = k — h. Also f (t, x) = for all {t, x) G (— T', T) x R. By the unique continuation 
theorem for the solution, we obtain = which is a contradiction. This shows that X is a 
strictly decreasing function. 

□ 

Proof of Theorem VJ and Theorem U .7\ (2). (3). Let c = c{t,x) be the geodesic path in 
Lemma 17.101 We construct u^, by reparametrizing the time parameter of c. Let 



p{t)= " 7^"^ / \\c'is)\\i2ds 0<t<l. 

A/2 2yc7Ri)) 2d^'^ih,k) Ji/2 ^ 
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Then /? is a strictly increasing absolutely continuous function. Define a{t) = p~^{t) {p{0+) < 
t < p{l—)). We prove /o(0+) = — oo and p{l—) = +00. To this end, we set u(t) = c{a(t)) 
which will turn out to be the desired u-^. We have ||^i'(i)||L2 = 2y^U {u{t)). Therefore for any 
p{+0) <ti<t2< p{l-) 

'^^''^ y^U{4^\\c'{s)\\L2ds = r y^U^tj)\\u'it)\\L2dt 



t2 



(^\\\u'ml2 + U{u{t))yt. (7.71) 



Suppose /o(+0) > —00. Then we can set ti = p{+0) and u{ti) = h. Then by an argument 
similar to the proof of Lemma 17.121 (2), for any e > 0, we can find u = u{t, x) {ti — e < t < t2) 
such that u{ti — e) = h, u{t2) = u{t2) and 

./Tmf))\\u'{t)\\L2dt < £^ {^^Wu'ml, + U{u{t))) dt < y^U^\\u'{t)U2dt. 

Since u{t2) = u{t2) = c{a{t2)), by connecting the two paths at u{t2), we obtain the shorter 
path between h and k than c. This is a contradiction. Therefore we get p{+0) = —00 and 
p(l— ) = +00 similarly. This proves Theorem EZl (3) and /oo,p(u) = dffih.k). Clearly, this 
u satisfies the conditions (i), (ii) in (2) in Theorem 17.111 Also if u satisfies (i) and (ii), then 
I(X),p{u) ^ It,p{u) > d^^ {u{—T) , u{T)) — )• d^^{h,k). Hence u is the minimizer in the sense of 
Theorem 17. Ill (2). Note that ii|(_T,T)xR is the minimizer of It,p on H^^^_rp-^ ^^^^(M) because of 
the identity (j7.7ip and the fact that the length of c is shortest. This proves Theorem 17.111 (1). 
Now we prove Theorem 17.111 (3). Let e be a small positive number. Take a large T such that 
\\h — u{—T)\\H and — 'u(T)||/f are sufficiently small. Then there exist /i = fi{t,x) (0 < t < ei) 
and /2 = f2{t, x) (0 < t < £2) which are defined by the Cauchy semigroup as in Lemma [7.81 such 
that 

(i) /i(0) = h, /i(ei) = u{-T), /2(0) = n(T), ^(ea) = k, 

(ii) 4i,p(/i) < e, Ie2Ah) < £• 

Hence there exists v E H^^^^^^^^^^y^ h fc(^) such that 

lTHei+e2)/2,h,ki^) < (h, k) + 2e (7.72) 
which implies the assertion. It remains to prove the statement (2) in Theorem 17.71 Note that 



u'{s)\\l2ds = / 2^/U{^\\u\s)\\L2ds 



— oo 

t 



2^U{c{a{s)))\\d{a{s))U2a'{s)ds 



= / 2y^U{4^\\c'{s)\\L2ds = 2dt%h,k)ait). (7.73) 
Jo 

Therefore 2dt\Kk)a'{t) = \\u'{t)\\\2- Since \\u'{t)\\L2 = 2^U{u{t)) > for ah t, a'{t) > 
for all t. The function t(E M) i— )• ||?x'(f)||^2 is a C°° function and so a and p are. Since 
u{p{t),x) = c{t,x), we complete the proof. □ 
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Let us consider a simple example in the case where the space is the finite interval / = 
[— Z/2,Z/2]. Let a and xq be positive numbers. We consider the case where 



U{h) = ^jh'{xfdx + aj^ {h{xf -xlf dx. 
For example, setting &^ = a^o + W 



P{x) = a(x2 - 62)2 _ ^ [ ^4 _ I ^2 _ 



we obtain the potential function above. Note Z = {ho,— ho}, where ho{x) = is a constant 
function. ±xo are the zero points also of the potential function 

Q{x) = a{x^ - xlf X G R. 

Let 

^idim(~2;o,a;o) = infj J ^y/Q{x{t))\x'(t)\dt x{-T) = -xo, x(r)=a;o|. 
)n 

Q{x) defined in L'^{M.,dx) and 



This is the Agmon distance which corresponds to 1-dimensional Schrodinger operator — ^ + 



dtU-^o,xo) = r VW)dx = (7.74) 

We can prove the following. 

Proposition 7.13. Assume 2axll^ < tt^. Let uo{t) = xotanh (2^/axot) . Then uo{t) is the so- 
lution to 

u"{t) = 2Q'{u{t)) forallteR, (7.75) 

lim u{t) = — Xo, lim u{t) = xo (7.76) 

oo t-^oo 



and 

(I /"OO /'OO \ 

-J v!o{tfdt + j Q{uo{t))dt\l, {7.77) 

= dt!,^i-^o,xo)l (7.78) 

= d^'{-ho,ho). (7.79) 

The proposition above claims that uq is the instanton for both operators: 1-dimensional 
Schrodinger operator + XQ{-/VX) and —La + Vx- 
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Proof of Proposition 17.131 We consider a projection operator P on Lp'il) onto the subset of 
constant functions. Let h G H^{I). For simplicity, we write c = Ph and h = h — Ph. Then 

U{h) = \j h'{xfdx + 2a{c^-xl) j h{xfdx 



+ 

By the Poincare inequahty 



a (2ch{x) + h{xfy dx + a j^{c^ -xf)"^ dx. (7.80) 



(t) Jy^(^fdx<Jl'{xfdx (7.81) 
and the assumption on a,XQ, we obtain 

U{h) > a j{c^ - xlfdx = U{Ph). (7.82) 



Therefore for any u G H}p^^ 



h2 



^U{u{t,-))\\u{t,-)\\L2dt > / ^Q{Pum\P<mL^dt. (7.83) 



Since the set {Pu \ u £ ^^^} coincides with the set of all paths v = v{t) in {{—T, T) — t- M) 

with the constraint v{—T) = —xq,v{T) = xq , we get (i^^(— /iq, /io) = ^(^tdimi^o, —xq)- It is an 
elementary calculation to check that uq satisfies (j7.75p and (j7.76p . Finally, we prove the identity 
([TTTll . ([778]) . ([7779]) . Since n'o(t) = 2y/Q{uo{t)) holds, we have 

- / u'Qit)^dt+ / Q{uo{t))dt = / 7QKMn'o(t)o!t 

^ J—oo J —oo J —oo 

xo 

\/Q{x)dx 

-xo 

which completes the proof. □ 
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